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E�FGE HJI@KMLBNPOQNGRSLUTBVXWZY\[]O^Y`_BNaWGNPOQI FbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF d
E�Ffe gMRSLih�OQNGRSLB[9TiV,jikMl�m n�o�p�q FbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF r
E�Fs� � O^Y�_BNGWaNPOtIuY�vU[tV=Li[wTBV\jikMl�m n�o�p
qyxBz{I@OQ|BR(TiVXTBNa}]V=h@OQV FbFcFcFcFbFcFcFcFbFcF r
E�F�~ � O^Y�_BNGWaNPOtI%TBV�[�[]�([]Ot�=z�V=[�WaNaLiI�Y�NG}]V=[cFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�ESE
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e(FGE � }tNGLBh�Na� V�FcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�E��
e(Ffe �;I=[]RSWav�OQNaR�LUTiVcW���I���vMY`OQNGRSLUTiV,�u�C���
li�7��x9FbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�E��
e(Fs� � }tR��B}tNGI�OtI=[�Y�[]�(z��iOQR`OQNG�(viV=[bFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�E�r
e(F�~ ��� V=}]h=NGh=V=[cFGFPF�FbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�eSe

e(F�~BFPE FGFPFM[]vB};WZY,TiRSvB_BWGVXNGL�OtI=�S}tY`OQNGRSL{FcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�eSe
e(F�~BFse FGFPFM[]vB};WaVw� }]R(R�O9[t��vMY�}]VcWaR(h�vB[¢¡ FcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�e��
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��FGE � }tNGLBh�Na� Vu�SI=LiI=}QY`W�FcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�eS¥
��Ffe � }tR��B}tNGI�OtI=[�FcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�eSd
��Fs� � ��L�OQ|B��[tV§¦�¨ �b© ¦  �«ª�¦�R(RS�  }tY�LB[]¬?V�}]Ow��V�h=R�SV=}]�i® FcFbFcFcFcFbFcFcFcFbFcF�eSd
��F�~ � ��L�OQ|B��[tV§¦�¨ � TBNG[th=}]��OtV�FcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF�e�r

��F�~BFPE g�NaWPOt}tV%TiV,¯§l�°�±%l�o0TBNG[th�}tV�O§ª?}tI��SNaz�V%� V=}tz{Y�LiV=L�O^®²FcFcFbFcFcFcFbFcF�e�³
��F�~BFse ��V@OQRSvi};T
�´I�OQY`O�RS�iOtNaz{Y�W�V=L�TBNa[]h=}]V�OµFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«�S¶
��F�~BF�� gMRS}tz�V�� �B}]I=TBNGh�OQV�vB}¢¡·FcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«�S¶
��F�~BF´~ gMRS}tz�V�� V=[¢OQNGzyY`OtV=vB} ¡¸FcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«�S¶

��Ff¥ ��� V=}]h=NGh=V=[JFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«�iE
��Ff¥�FPE � �([]OQ��z�VcTBv��B}tV�z{NGV=}�RS}tTB}]V FcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«�iE
��Ff¥�Fse � �([]OQ��z�VcTBv�[tV�h=RSLBT¹RS}]TB}tVºFbFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcF«��e
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~BFse 
5Y�Wah�vBW�TiV=[��MY`}QY�z���Ot}tV=[ FcFcFbFcFcFbFcFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcF«���
~BF�� � L�OQI�}��Ot[��B}QY�OQNa��vBV�[ FcFcFbFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcF«�Sd
~BF´~ � WGWavi[]OQ}tY`OQNGR�LyFcFcFbFcFcFcFbFcFcFbFcFcFbFcFcFcFbFcFcFcFbFcFcFbFcFcFcFbFcFcFbFcF«��r
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� &�� & � ) ��� ) + � !
��� +��7��� 3�����3�� ��D

�;I=�SviWZY`OtNaR�LU¦�¨ © ¦�¨ � »M¼¾½@¿���Â¾Ã¾Ä



¥

����� 	¹������	 � �
� �
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 R�vB[ }QY��i� V=WGRSLB[ÁTMY�LB[ viL �B}tV�z{NGV=}�OtV=z��B[ WaYwOQ|BI�RS}tNGV�TBV9WaYJ[]OQY�_BNaWGNPOQI5Y�v,[tV�LB[�TBVJjikMl��
m n�o�p
q0TBY�LB[ WaV�h=Y�TB}tVw�SI�LBI=}tY�W TBV�[5[]�([]Ot�=z�V=[5LBRSL�� WaNGLBI�Y�NP}tV=[�V@O5NaL�OQ}tR(TBviNa[tR�LB[ WaYcLBR`OQNaR�L{TBV
¬?RSLBh@OQNGRSLbTiV5¦
��Y��BvBLBR� F�¦ �´NaL�OQI=} ��O�TBV h�V=[������������ �"!#�%$ &(')&(*,+-!-� TBNPOQV�[�TiV;jik l�m n�o�p�qUV�[]O�TBV
. vB�SV�}ÁWZYJ[¢O^Y�_iNaWaNPOtI T
��viL []�([]Ot�=z�V;[QY`LB[ NaL�OQI=��}tV=}�WaV�[ÁI=��vMY�OQNaR�LB[ TiN0/�I=}tV�L�OtNaV�WaWGV=[��(viNBTBI�h=}tNPSV=L�O
[tR�L�h�RSz�� RS}]OtV=z�V=L�O�FB¦ �´NaLBh�RSL�SI�LBNaV�L�O9V=[]O;��v
�´V=WaWGV=[9LiV%¬?RSvB}tLiNa[t[]V=L�O;�(viVXTBV�1"�2')�(3��435�2'6!7!�8:9:;
< !�&('��=�"!yV@O§��vBV{W���R�L LBV{� V�viO§}tNGV=L h=RSLih=Wavi}tV�[tN�WZYUh�RSLBTBNPOQNGRSL L2��V�[]O§�MY�[c[QY`OtNa[¢¬�Y�NGOtV�F � WaWGV=[
� V=v�SV=L�O?> � R�vB} WaV�[ z �=z�V�[ }QY`Na[]RSLB[�>�¬?RSvi}tLBNG},vBL }]I=[tviWGO^Y�O�� V�[t[]Naz�Na[]OtV ª�RSv@1"�A'�!-��B�C2&(�43 9�®@F

 R�vB[wLBR�vB[w}tV�h=V�L�OQ}]RSLB[%Y`WaRS}][;}QY��iNaTBV�z{V�L�O�[tvB}�WaVXh�Y�[�TBV=[w[]�([¢OQ�=z�V=[JWGNaLBI=Y�NG}tV�[;RED¹WGVXOt|BI=RA�
}t��z{VuTBV\jikMl�m n�o�p
q�¬?R�vB}tLBNPO9vBLBV1:�2')�(3��435�2'�'F�"1:�"!G!�&(3�B"�H���I!�8�JK!�&('��=�cTBVX[¢O^Y�_BNGWaNPOtI�F

H%Y�LB[�WaVX[]V=h=R�LBT�h^|MY`�BNGOt}tV(>MLBRSvi[w�B}]I=[]V=L�OQRSLB[wWZY h�RSz�zyY`LBTBVc¦�¨ �MY`}LBG���M�28 BN!��5&(�434O�8P�
�%$Q���5&(��F � Y`}y}QY��i� RS}]O¤Y�v �B}]RS_BWa��z�V¹�SI=LiI=}QY`WJTiV�WaYR1"�2���S&(')� �T�"U)�43��S&(*V�¹¬?RSLBTiI=V�[]vB}yWaV
U)B:3�'F1�3WU��S�(8X�S&?YE3���8�� ª?OQV�W ��v
�´NaW V�[]Oc�B}tI�[tV=L�OQI{TBY�LB[SZ´~([Z®�>
LBRSvi[cLBRSvi[c� RSWaY�}tNG[tR�LB[u[]vB}XWaV
�B}]RS_BWa��z{V�TBV%WaYb}tI��SvBWaY`OQNGRSL�\§|BR�}tNV]�RSLyWaNG_B}tV�TBV�[9[¢�([]OQ��z{V�[9WaNGLBI�Y`NG}tV=[ Y�SV�h%h=}]NGOQ��}tVJ��vMY`TB}QY2�
OQNG��vBV�FMH%Y�Li[�h�VXh=RSL�OQV � OtV(> WGV%OQ|iI=RS}]�=z�VXTBV\jikMl�m n�o�p�q�V�[]O�vBLBVcY`WGOQV�}tLMY�OQNGSVJNaL�OtI=}]V=[t[tY�L�OtV
� RSvB} TBI�z{RSL�OQ}]V=} WaV�[�}]I=[]vBWGOQY`OQ[ TBV�WZY²}]I=�SvBWaY`OQNGRSL�¦�¨,F 
 RSvB[��B}]I=[]V=L�OQRSLB[{I=�SY�WaV�z{V�L�O WaV�[
�B}]RS�B}tNGI�OtI=[wTBVb}]RS_BvB[¢OQV=[][tV\V@OJWaV�[wh�RSz�� RS}]OtV=z�V=L�Ot[wY�[]�(z��iOQR�OtNa��vBV�[wTBVbWZY h=RSz�z{Y�LBTBVc¦�¨,F
� LiKML^>�LBRSvB[�LBRSvB[�NaL�OtI=}]V=[t[]RSLB[ Y�v_*,35��8� �"!`Ba& 1�3�'F�"!b&(8c1d&(B�BG�bª���R(R`O�[t��vMY�}]V�WaR(h=vi[^®Á��vBNMV=[]O
vBL�RSviOtNaW
��}QY��B|iNa��vBVX� V�}tz�V�OtOQY�L�O;TBVX�SvBNaTiV=}9WaVuh^|BRSN � TBV�[���R�LBTBI�}QY`OtNaRSLB[9[tvB};TBV=[�h�RSLB[]NaTBI:�
}QY�OQNaR�LB[9z�R(TMY�WGV=[�TMY�LB[;WaVu�iWZY�LUh�RSz��BWaV � V`F

¦7YJ[]�(L�OQ|i�=[tV�¦�¨ � TBVeBG���M�28 BG!b�(+2')&(��34O�8P�"!f� ��!?�AB:�435��>`��vBNih=R�z,_iNaLBV vBL,}tV@OQRSvi}ÁT
�´I�OQY`O
¦�¨ V�ObvBL0KMWGOt}tV�TiV�gcY`Waz{Y�L^>
V�[]O\Y�_ RS}tTiI=V{TMY�Li[§WaYUOt}tRSNG[tNG�=z�V �BY�}]OtNaV�F 
 R�vB[b�B}tI�[tV�L�OQR�LB[
�B}]NaLBh�Na�MY�WGV=z V=L�O�WaV=[9�B}tRS�i}tNaI@OQI�[;[]Ot}tvBh@OQvB}]V=WaWGV=[;TBVXWaY,h�RSz{z{Y�LBTiVX¦�¨ � ª�U)B:3�'F1�3WU��h� �e!-�=U6&(;
Ba&(�i35�2'
®:>ÁWaY��B}tR(h�I=TBvB}]V�TBVµ}tI=��WZY���VU¦  � ª=jk�-�"Uml6Ba&('6!n9?��BSo`�"1"�2C(��B:+0TBR�L�O W �´RS_ . V=h@OQNP¬�V=[]O
TBV�}tV�[]OQY�vB}tV�}bWGV=[Xz{Y�}t�SV�[XTBV�[]OQY�_BNGWaNPOQI\TBv0}tV@OQRSvB}XT
�´I�OQY`O§¦�¨ NaTiI�Y�WÁV�ObWaYU[¢��L�OQ|B��[tV¤¦�¨ �
TBNG[th=}]��OtV�F

H%Y�LB[JWaVbh^|MY`�BNGOt}tVb~¤LBR�vB[J�B}tI�[tV=L�OQRSLi[uWaVNU)BG�(p�*Vq����h3�'�C(��BG!-��> h��´V=[]Or�M\2� TBNG}tVÁx h=R�z{z�V=L�O
h�Y`Wah�vBWaV�}�>�� RSvi}7vBLc[]�([]Ot�=z�V V�O�vBLch=R�}t}tV�h�OtV=vB}���vBV�Wah=R�LB��vBV TiRSLBLBI�[�>.WGV=[7I�WaI�z{V�L�Ot[7TBvch=RS}]}tV=h:�
OQV�vB}�¦�¨ � I=��vBNP`Y�WGV=L�O=F.¦ ��NGL�OQI�}�@O�T
�´vBLBV�OQV=WGWaV }]V�¬?RS}]z\vBWZY`OtNGR�LuTBV=[�h=RS}]}tV�h�OQV�vB}t[�V�[]O��B}]I=[tV�L�OtI=V
TMY�Li[�WGVuh�Y�Ti}tVXTBVXW �´Naz��BWGY�L�O^Y`OtNGR�LµTBVXWGRSNa[�TiVch�RSz�zyY`LBTBV�F
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H%Y`LB[UWaV�TiV=}tLiNaV�}µh¾|BY��BNPOQ}tVA>�WaY�[¢�(L�OQ|i�=[tV0¦�¨ � V=[¢O��B}]I=[]V=L�OQI=V []RSvB[UWGV ¬?RS}tz{Y�WGNP[tz�V
z{Y�NaL�OQV�LMY�L�O9�SI=LBI�}QY�W�TiVcWaYe9?�2B:���e!��5&(')� &(Bd�µV�O;TBVcWaY�!�+2'�����q"!-�

H2

F

5VµTBR(h=vBz�V�L�O TBRSNPO���OQ}]Vµh=RSLB[]NaTBI�}tIµh=RSz�z�V¤viL }]I=[tviz{IµRSv vBL ¬?RS}tz\vBWaY�NP}tV{V � OQ}tY�NGO

TBVKZ E�[�F � V=vBWGV�WaV�[¤TBI�z�RSLB[]Ot}QY`OtNaRSLi[y��vBNJLBV�[tRSL�Oµ�MY�[¤�B}]I=[]V=L�OQV=L�O�TMY`LB[µWaY0}tI�¬?I�}tV�LBh=V�ZPE [
[]RSL�O9TiI�O^Y`NaWGWaI�V=[ TMY�LB[�h�VuTiR(h=vBz�V=L�O�F � W�[=��Y��SNPO��i}tNaLih=Na�BY�WaV�z�V=L�O5TBV%WaY§TiI=z�RSLB[]Ot}QY`OtNaRSLyTBV%WaY
h�RSz{z{Y�LiTBV�¦�¨ �MY�}�W ��Y��B�B}]R(h¾|iV�TBVujik l�m n�o�p
q >STBvcof�-�2�%!�O�86&(B"�b*V�-1�8 !JV@O TBV�WZYu[]�(L�Ot|B�=[]V
¦�¨ � TBNG[th�}t��OtV�F
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5RSLB[]NaTBI�}tRSLi[UvBL [¢�([]OQ��z{V²h=RSL�OQNaL�v TBV²TBNGz{V�LB[tNGRSLºKMLBNGV�TBI=h�}tNPOU�BY�}¤vBLBV²I=��vMY�OQNaR�L

TBN /2I�}tV=L�OQNGV=WGWGVJSV=h@OQRS}]NaV�WaWaV%LBR�L�� WGNaLBI=Y�NG}]V%TBv��B}]V=z�NaV=}�RS}tTi}tVÁx

ẋ = f(x) x ∈ Rn ª¢ESFPE.®
$ &&% ���?�.�?� � "('�" 
*) � ����� �,+ & � ��� $ � A � ) �.- ' C(�"1��=��8�B

xe ∈ Rn �"!��L�(3�� U��23�'��h�28 ���5&(�
�%$Q�dO�8 3�*,34p�B"�7!�30/

f(xe) = 0

�;V=z{Y�}t��vBVÁx OQR�viOJ� RSNaL�OwT
�´I=��vBNaWGNa_i}tVc� V=viO ��OQ}]V§}QY`z{V�LBIH\{W �´RS}tNG�SNPLBVX�MY�}wvBL [tNaz��BWGVch^|MY�L �
�SV�z{V�L�O\TBVy`Y�}]NZY`_BWaV

x ← x − xe
FÁHwRSLBh(>�[tY�LB[\��V�}]OtVµTiV¤�SI=LBI�}QY`WaNGOtI(>�WGV=[§TBI�KBLBNGOtNaRSLB[bV�O

OQ|iI=RS}]�=z�V=[;�(viN7[]vBNGSV�L�O�[tV�}tRSL�OwI@O^Y�_iWaNa[�V�L¹h�RSLB[tNGTBI=}tY�L�O�x

xe = 0

$ &&% ���?�.�?� � "('G� 
21 � >BA � $ �C� &¹$ ��� >B$�) +�� '43�$?)�) � > +65 '73 ���M�.� � � )�� jN$Q��� &(�^�%$Q�dO�8 3�*,34p�BG�
xe =

0
�(8c!�+-!��=q����98&:;8c�"!��&/

< !�� & p�*V�e!�3>=^U��A8 BN�=�28��
ε > 0

= 3�* �aYE3V!��M�
r = r(ε)

= �=��*%O�8P�?/
‖x(t = 0)‖ < r ⇒ ‖x(t)‖ < ε ∀ t > 0

< 3�'6!�� & p�*V�@= !�3I'F�2' !�� & p�*V�@=
< &2!�+A�7U)�=�2�i34O�8�������'��I!��5& p�*V�@= !�$ 3�* �"!�� !��5& p�*V� ��� !�3

r
U���8��BA��4B"��1"���23V!�3 �M��*%O�8��?/

‖x(t = 0)‖ < r ⇒ lim
t→∞

x(t) = 0
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� p��7��� � �*jik l�m n�o�p
q��.n�� °�l��.��l���C°��Z���

< �S&(B��(3�')&(*V������'�� !�� & p�*V�@= !�$ 3�* �"!�� !:� & p�*V�e!�&('6! A��iBG�H&2!�+2�7U)�M�2�434O�8P������'�� !��5& p�*V��:
� |��([]Na��vBV=z�V�L�O?> WaY,[¢O^Y�_iNaWaNPOtIuY�vU[tV�LB[�TBV\jik l�m n�o�p�q���Y`}QY�L�OQNPO9��vBVcWaY\Ot}QY . V=h@OQRSNG}tVu}]V=[¢OQV=}tY
\�W �´NaL�OQI=}]NaV�vB}yTBV²WZY*_ RSvBh�WaV

B(xe,ε)
[tN%[tR�L � RSNGL�OµTiV TBI��MY�}¢O�Y��B�MY�}¢OQNGV=L�Oc\ vBLBV²_ RSvBWGV

B(xe,r)
F
¦7Yy[]O^Y`_BNaWGNPOQI§Y�[¢�(z{�iOtR�OQNG��vBV\NGLBh=WGviOJh=V�O]OQV,�i}tRS�B}]NaI@OQI(>�z{Y�Na[w[]� I=h�NGKMV,TBV\�BWGvB[%��vBV

OtRSviOQV%OQ}QY . V�h�OQR�Na}tV%NaLBNPOQNaY`WGNP[tI�VuTMY�Li[�WaY,_ RSviWaV
B(xe,r)

h=RSL�SV=}t��VXSV=}t[
xe
F

H%Y`LB[§h=V{�(viN []vBNGObV�O§�MY�}bY�_Bvi[§TBV{WZY�Li��Y��SVA>7R�L*�MY�}tWGV�TBV{[]O^Y`_BNaWGNPOQI Tiv�[]�([¢OQ�=z�V¤Y�v
WGNaV=vµTBVX�MY`}tWaV�}9TBVX[]OQY�_BNGWaNPOQIJTBv�� RSNaL�O;T
�´I=��vBNGWaNG_B}tV`F
$ &&% ���?����� � " 'G� 
21 � >BA � $ �C� &�> +65 '43 ��� ��� � � )�� $ � A�>M$�) ��� 3b*V� !�+-!��Mq����_�"!��L&2!�+2�7U)�M�2�43�;
O�8�������'��F!�� & p�*V�`O�8���*�O�8P��!-�23���*V� C(�"1��M��8 B`�%$Q���5&(�k3�'�3��434&(*

x(t = 0)
&(*V�2BG!#*V� UP�23�'��%�%$Q�dO�8 3�*,34p�B"�

�"!����(*V�(p"&(*V������'�� &2!�+2�7U)�=�2�i34O�8�������'����a�28T�aY U��2'F��'��435��*�*V������'����H!��5& p�*V��:

����� � ����� ������!" �  �� � !#"%$'&�(*)

$ &&% ���?����� � " ' � 
� � �����.��� �º� &&% ��� ) 3 � +��C�.� 	 ) �.- 'F�P9?�2'F1��435�A'L!-1d&(* &(3�B"�
U(x)

1"�2'��i3�'�8���;
����'�� �(3 +e��BG��'��i34& p�*V�#�0U6&(B�Ba&�U U��2B��*,

x
� �"!��S�(3��=� � � < '�35�SU��-!�3��i3�C(�T� &('6!�8�'F� BG�-�(35�2'

Ω&(8 �M�28 BH� �N*d$Q�2B:3.�(3�'F�e!�30/
� 8/�

U(0) = 0
=

�102�
U(x) > 0

UP�28 BN�=�28��
x ∈ Ω / x 6= 0

:
!�33�102��"!�� BG���7U)* & 1"��U6&(B

U(x) ≥ 0
&(*V�2BG!N* &b9?�2'F1��435�2' �"!����(3��M�h� � < '�35�e!-����3�;VU��-!�3��43�C(��:

$ &&% ���?����� � " ' ! 
� � �����.��� � � � > �7� > �.� � � ) � &&% ��� ) 3 ��+=�?�.��	 ) � j^& 9?�2'F1��i35�2'�O�8 & �(Ba&(�i34O�8��
U(x) = xTQx

=e�54
Qn×n

�"!��f8�'F��� &(�4B:351"��B"�"��*�*0� !�+2�����4B�34O�8��@=7�"!��7�(3��=� � � < '�35�bU��-!�3��i3�C(�
!�3 �M�28 �M�L*V�"!NC2&(*V��8�BG!#U)B"�"U)BG�"!h� �N* &��S&(�4B:351"�

Qn×n
!-�2'�� !��4B:351��M������'���U��-!�3��43�C(�"!�:

¦�V=[9¬?R�LBh�OtNaRSLB[��(vBY�TB}QY�OQNa��vBV�[;[tRSL�O�[tR�viSV=L�OwviOQNGWaNG[]I=V�[9TMY�LB[9W ��Y�LMY�WP��[]VuTiV=[;[]�([]OQ��z�V=[�Ti�(LMY2�
z�Na��vBV�[,ª 9?�2'F1��435�2' � �¤jikMl�m n�o�p
q ®@F 
 R�O^Y`z{z�V=L�O�x W��´I=LBV�}t�SNGVbh=NaLiI�OQNG��vBV(>�W��´I=LBV�}t�SNGVb� R�OQV�L��
OtNaV=WGWGV\I=WaY�[]OtNa��vBV RSv TBV �S}QY��NPOQI,V�OcW �´I=LiV=}t��NaV\OQR�OQY�WaV\[tRSL�ObTBV�[X¬?RSLBh@OQNaR�LB[X��vMY�Ti}QY`OtNa��vBV=[cTiV
W���I@O^Y`O9� RSvB};WGV=[9[]�([]OQ��z�V=[wz�I=h=Y�LBNG�(viV=[=F
�76 )�'73�$?)*"('�" 8

U1(x) = x2
1 + x2

2

�"!��h� � < '�35�hU��-!�3��i3�C(�_� &('6!
R2 ���e!-����3�;r� � < '�35�

UP�-!�3��43�C(�h� &('6!
R3 =

8
U2(x) = (x1 + x2)

2 �"!���!-��8�*V������'�� !-����3�;r� � < '�35�fU��-!�3��i3�C(��� &('6!
R2 1d&(BH'�8�*�*V�h!�8 B

*V�H�(BG�23��M�
x1 + x2 = 0

:

���:9 ; � 	 #  ������ 	 � "? �!" �! �<�*!=">$'&�(*) ?A@ �$�CB�� �  ��ED
F  G� �  

¦7Y�[]O^Y�_iNaWGNGOtI Y�v [tV�LB[ TiV�jikMl�m n�o�p�q«V�[]O viLBV Ot}QY�TivBh�OtNaRSL z{Y`OQ|iI=z{Y`OQNG��vBV²T
�´vBLBV
h�RSLB[]OQY`O^Y�OQNaR�L�I�WaI�z{V�L�O^Y`Na}]V x7[tN5W��´I=LBV�}t�SNGV{OtR�O^Y�WGV{T
�´vBL []�([]Ot�=z�Vµ[]VµTiNa[t[]Na� Vyh�RSL�OtNaL�vBV=z�V=L�O
�;I=�SviWZY`OtNaR�LU¦�¨ © ¦�¨ � »M¼¾½@¿IH�Â¾Ã¾Ä



����� � �(l���C°��Z��� l�n � � o
� � ��jikMl�m n�o�p
q��w± �M��	�p���� ������� �
��� ³

ª�h`��V�[]Or�M\2� TBNa}]VbTBI�h=}]R��aOJY�SV�h§WaVXOQV=z��B[Q®�Y�WaRS}][�h=Vb[]�([]OQ��z{Vµª���v
�´NaW7[tRSNPOwWaNGLBI�Y�NG}]VXRSv LBRSL^> [¢O^Y2�
OQNGRSLBLMY`Na}]V�R�v¤LBR�L ® OQV=LiTc\b[]VJ}QY�z�V=LBV�}�\bvBL¤I@O^Y`O5T
�´I=��vBNGWaNG_B}tV§ª?NaW V�[]O�[]OQY�_BWGV�®@F(¦�Y ����������� �
�(3�BG�"1��M�bh^|BV=}]h¾|iV\TBR�LBhH\��SI=LiI=}tV�}JvBLiVb¬?R�LBh�OtNaRSL�[th=Y�WZY�NG}tVXTBVcO �(� V§I�LBV=}]�SI�OtNa��vBVb��vBN�Y�TBz�V�O
vBLBVXTBI�}tNGSI�VXOtV=z�� RS}tV�WaWGV%LBI���Y`OQNPSV�F
� - & � ��� '*)*"('�" 
21 � >BA � $ �C� &¹$ ��� >M$�) � jN$Q���5&(�N�%$Q�dO�8 3�*,34p�BG�

xe = 0
�"!��f!�� & p�*V� !�3f3�*#�aYE3V!��=�

8 'F� 9?�2'F1��i35�2'X1"�2'��i3�'�8�������'�� � ��B�3�C2& p�*V�
U(x)

�=��*�*V�HO�8��?/

="6�

U(0) = 0
=


Q� �
U(x) > 0 ∀x 6= 0, x ∈ Ω

=

Q� �

U̇(x) ≤ 0 ∀x 6= 0, x ∈ Ω
=

�54
U̇

�"!��#* & � ��B:3�C(�"��� �
U

U6&(BHBa&�U U��2B:�f&(8 �M���7U�!S���
Ω

�"!��#8 'F� BG�1�(35�2' &(8��=�28�B�� �
	0: � 3
� ��U)*,8 !*��� ���"!�� BG���7U)* & 1"�"� U6&(B

U̇(x) < 0
&(*V�2BG! *d$Q���5&(���%$Q�dO�8 3�*,34p�BG�H�"!�� &2!�+A�7U)�=�2�434O�8P������'��

!��5& p�*V��:
¦�Vu¬?RSLBh@OQNaR�L

U(x)
V=[]OwY��B� V�WaI�V 9?�2'F1��i35�2' � ��jikMl�m n�o�p
q F


5VµOQ|BI�RS}t��z{VµV=[¢O{viLBVUh=RSLiTBNGOtNaRSL []v��[QY�L�OQV�TBVU[¢O^Y�_BNGWaNPOtI¤z{Y�Na[§LBVU� V=}]z{V@O��BY�[ TBV
�SvBNGTBV=}{W �´viOtNaWGNP[QY`OtV=vB}�TMY�LB[yWaV¹h¾|iRSN � TBV�WaY ¬?RSLBh@OQNGRSLºTBV0jikMl�m n�o�p
q V@OµLiV�� V=}]z{V@O¤�MY�[
TBV h=R�LBh=WGvB}tV []NuRSL LBV²OQ}]RSviSV �MY�[UviLBV OtV=WGWaV ¬?RSLBh@OQNaR�L
F���LBV 9?�2'F1��i35�2'@� ��jikMl�m n�o�p
q
1d&(')�(34� &(�M�§V=[¢OXvBLBV§¬?RSLBh@OQNaR�L�TBI@KMLBNaV\� RS[]NGOQNPSV§TBRSL�OuRSL�OtV=[¢OQV,WZY{TBI=h�}tR�Na[t[tY�LBh�V�Y`viOQRSvi}%TBv
� RSNGL�O�T2��I��(viNaWGNa_B}]V�F.¦��´I�OtvBTBV5TiV=[�z�I�Ot|BR(TBV=[���vBN(� V=}]z{V@OtOtV=L�O�TiV5h�RSLB[¢OQ}tvBNG}tV vBLBV%9?�2'F1��i35�2' � �
jikMl�m n�o�p
q 1d&(')�(34� &(�M�Á� RSvB}
vBLX[]�([]Ot�=z�V TiRSLBLBI�Y9z�R�OtNGSI�vBLBV WaNGO]OQI�}QY`OtvB}tV�Ot}t��[�Y�_ R�LBTMY�L�OQV
h=V�[UTBV�}tLBNG�=}]V=[µTBI�h=V=LiLBNaV�[UTBRSL�OµWaY*}tV�(vBV²TBI=�BY�[t[]V WGV�h=Y�TB}tV�TBV²TBR(h�vBz�V=L�O=F9¦�V�[¤¬?RS}tz�V=[
��vMY�TB}tY`OQNG��vBV=[\[tRSL�O,WaV�[\�BWGvB[\viOtNaWGNG[tI�V=[§LBR�OQY�z�z{V�L�O§WaV�[§¬?R�LBh�OtNaRSLB[§TBI@KMLBNGV=[\��R�[tNGOtNGSV�[\��vBN
[tR�L�O§TBV=[§NGL�OtI=�S}tY�WaV�[c�B}]V=z�Na��}tV�[¤ª�h`��V�[]Oa�=\2� TiNa}tV�TBR�L�O§WaY�TBI�}tNGSI�V{OtV=z�� RS}tV�WaWaV,V=[]O§L(vBWGWaV�®uTBv
[]�([¢OQ�=z�VyNaTiI�Y�WGNa[]I¹ª��MY`}bV � V�z��BWaV{W���I�LBV=}]�SNGV OQR�OQY�WGV�T2��vBL*[]�([]Ot�=z�Vyz{I�h�Y`LBNa��vBV{NGTBI�Y`WaV�z{V�L�O
h=R�LB[tV�}]`Y�OQNG¬M>iSRSNa}�V � V=z��BWGVX[tvBNP`Y�L�O¾®@F
� - & � ��� '*)*"('a� 
21 � >BA � $ �C� & � $ � A�>M$?)�� jN$Q��� &(� �%$Q�dO�8 3�*,34p�BG�

xe
�"!�� �(*V�(p"&(*V������'�� &2!�+2�7U)�M�2;

�434O�8P������'��I!��5& p�*V� !:3I3�* �aYE3V!��=�N8�'F�I9?�2'F1��i35�2' 1"�2'��43�'�8�������'���� ��B:3�C2& p�*V�
U(x)

�M��*�*V�hO�8P�?/

="6�

U(0) = 0
=


Q� �
U(x) > 0 ∀x 6= 0

=

Q� �

U̇(x) < 0 ∀x 6= 0
=


 �^�
U̇ →∞

&2!
‖x‖ → ∞

:
�76 )('43�$?)*"('G��� �2'6!�34� ��BG�2'6!_*0�c!�+ !��=q���� � �"1�B�3��fU6&(B_8 'F�X�dO�86&(�435�2' �(3 +e��BG��'��i35��*�*V� �2Bd�(3�;
')&(3�BG�N'F�2'�;=*,3�'F�d&(3�B"�?/

ẍ(t)− εx2(t)ẋ+ x(t) = 0
� �28 ! 9?�2B:���h�%$Q��� &(�;=�&(C(�"1N*0�"!H� � < '�3��435�2'6!

x1 = x, x2 = ẋ
= 'F�28 ! �(p��M��'F�2'6!?/

{
ẋ1 = x2

ẋ2 = −x1 + εx2
1x2

�;I=�SvBWaY`OQNGRSLµ¦�¨ © ¦�¨ � »M¼¾½�¿���Â¾Ã@Ä



E�¶ ������°�� ± � o7��� ��� ��	
� p��7��� � �*jik l�m n�o�p
q��.n�� °�l��.��l���C°��Z���

� *I�"!�� 9 & 1�3�*V� � �HC(��B:3 < ��BHO�8P���51"���`�-!-1�3�*�* &(�=��8�B &(C(�"1h8 'F� 9?�2'F1��435�A'X� $ &(���2B:�43V!"!-������'�� 'F�2'�;
*,3�'F�d&(3�BG��� & 8�'����5&(�`�%$Q�dO�8 3�*,34p�B"�<,c*d$Q�2B:3.�(3�'F�

(x1, x2) = (0, 0)
:��f�28 B *d$ &(')&(*,+-!-��� �H* &!��5&(;

p�3�*,3��=�L'F�28 !�1"���23V!�3�BG�2'6! * &`9?�2'F1��i35�2'T����jikMl�m n�o�p
q@1d&(')�(34� &(�=�e!�8 3�C2&('��=�?/

U(x1, x2) =
x2

1 + x2
2

2
� � 1"���23 YR�"!��f9?�2')� ��!�8�B 8 'F� 1"�2'6!�34� ��Bd&(�435�2' U�� +-!�34O�8��?/ 1�$Q�"!��S8 'F� 3�'��M�-�(Ba&(*V��U BG����35q�BG�
�a��'F��B��(35�e���"1d&('�34O�8P�e�=�2� &(*V� �S�(8!�+ !��=q���� 34� �d&(*V������'���1"�2'6!-��B:C2&(�43 9L�(p��M��'�8 U��28 B

ε = 0
:�j%�

1d&(*V1�8 *k� �
U̇

� �2'�'F�?/
U̇(x1,x2) = x1ẋ1 + x2ẋ2

= x1x2 + x2(−x1 + εx2
1x2)

= εx2
1x

2
2

� �2'F1
U

�"!�� 8 'F� 9?�2'F1��435�2'X� � < '�35�#U��-!�3��43�C(�HO�8�3��"!�� !��iB:351��=������'��#� �"1�B"�23V!"!�&('��=�N*V�L*V�2'�� � �
�=�28��=�"! *V�"! �4Bd&	�?�"1��=�23�BG�"!S�E8 !�+-!��Mq����H!�3

ε < 0
: � $ &�U)BGq"!�*V�"!������:�2BGq����"!bU)B"�"1"�d� ��'���!@= *d$Q���5&(�

�%$Q�dO�8 3�*,34p�B"�
(0, 0)

�"!�� �(*V�(p"&(*V������'��b!��5& p�*V�HU��28 B
ε = 0

=H�"!�� �(*V�(p"&(*V������'��N&2!�+2�7U)�M�2�434O�8P��;
����'��e!��5& p�*0�!�3

ε < 0
=��(*V�(p"&(*V������'�� 3�'6!��5& p�*V��!�3�'F�2' : � &('6!�1"�����aY����7U)*V�@= *d$ &(')&(*,+-!-���"!��

1"�2�7U)*Vq��=� 1d&(Bc��* *V�& U���B���3V!�� � 1G&(Ba& 1��=��B�3V!-��B * & !��5& p�3�*,3��M�<�(*V�(p"&(*V���(8 !�+ !��=q�����: � � 'F$Q�"!��
U6&2! �M�28
�?�28 B"!N*V� 1d&2! ���#1"��* &� �=U���')� � �N* &`9?�2'F1��435�2'T� ��jikMl�m n�o�p
q 1d&(')�(34� &(�M�h1"�2����� *V�
���2'��4B"�N*d$Q�aY����7U)*V�7!�8 3�C2&('�� :
�76 )�'73�$?)*"('G��� �2'6!�34� ��BG�2'6! �S&(3�'��=��')&('�� *V� !�+-!��Mq����h� � < '�3 U6&(B�/

{
ẋ1 = 2x1(x

2
2 − 1)

ẋ2 = −x2(x
2
1 + 1)

O�8 3bU)B"�"!-��'��=� 8 ' U��23�'����%$Q�dO�8 3�*,34p�BG��, *d$Q�2B�3.�(3�' � ��� 1"�2'6!�34� ��B"�2'6! * & � A���� 9?�2'F1��435�2' � �
jikMl�m n�o�p
q@1d&(')�(34� &(�=�hO�8�� U)BG�"1"�d� ��������'��&/

U1(x1, x2) =
x2

1 + x2
2

2
� ' & &(*V�2BG!?/

U̇1(x1,x2) = x1ẋ1 + x2ẋ2

= x2
1x

2
2 − 2x2

1 − x2
2 .

U̇1 < 0
!�3

x2
1x

2
2 − 2x2

1 − x2
2 < 0

: � &('6!h*V�`U)* &('
(x2

1, x
2
2)
=`�2' U���8 �#�4Ba& 1:��Bh*V� � �2�S&E3�' �

� � !�� & p�3�*,3��=�N!�8 � � ��BG�fU6&(B�1"���4�M� 9?�2'F1��435�2'X� �yjikMl�m n�o�p�q 1d&(')�(34� &(�=��: � ' �(p��435��'�� &(*V�2BG!L* &
< �(8 BG�98&:;8&:

� 3 *d$Q�2' 1"�A'�!�34� q�B"� �S&(3�'��=��')&('�� * &b9?�2'F1��435�2' � ��jik l�m n�o�p
q@1d&(')�(34� &(�M�7!�8 3�C2&('��M�?/

U2(x1, x2) =
x2

1 + 2x2
2

2
,

�;I=�SviWZY`OtNaR�LU¦�¨ © ¦�¨ � »M¼¾½@¿�tÄ=Â¾Ã@Ä
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x
1
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x 22

x
2
2=2x

1
2/(x

1
2−1)x

2
2=2x

1
2/(x

1
2−1)

STABLE 

STABLE ou INSTABLE ? 

� ���3�7ESFPE�� � �2�S&(3�'F�b!�� & p�3�*,3��=� !�8 � � ��BG� U6&(B
U1(x1, x2)

:

'F�28 !��(p��=��'F�2'6!?/
U̇2(x1,x2) = x1ẋ1 + 2x2ẋ2

= −2x2
1 − 2x2

2

���N'F�28 ! U��28 C(�2'6! 1"�2'F1�*,8�BG�_O�8�� *V��!�+ !��=q������"!����(*V�(p"&(*V������'��N&2!�+A�7U)�=�2�i34O�8�������'��7!��5& p�*0�
� &('6!e�M�28 � *d$Q�"!=U6& 1"�N�%$Q���5&(�

(x1, x2)
: � 'T�(3�� O�8�� *V��U BG����35q�BG� 9?�2'F1��i35�2' � � jikMl�m n�o�p�q

U1�"!�� 1"�2'6!-��B:C2&(�i3�C(�h1d&(BH��*�*V�h� �2'�'F� 8�' BG�"!�8�*,�5&(�kU��"!"!�3���3V!��=�7!�8 BN*V�h� �2�S&(3�'F�L� �e!��5& p�3�*,3��M�L�(8
!�+-!��Mq�����:

���	� ; � 	�#" ������ �  "�"�
 " ���G@  " ������ 	  F  "
� N�WGVu[]�([]Ot�=z�VcV=[]O�WaNGLBI�Y`NG}tVÁx

ẋ(t) = Ax(t) x ∈ Rn ª¢ESFseS®
Y�WGRS}t[ÁWGV9[¢�([]OQ��z{V;V=[¢O �SWaR�_MY�WGV=z�V�L�O Y�[¢��z��iOtR�OQNG�(viV=z�V=L�O []OQY�_BWaVXª�WaV�� RSNGL�O T
�´I=��vBNGWaNG_B}tV�I@O^Y�L�O
\ W���R�}tNG�SNPLBV�® []N
OQRSviOtV=[;WaV�[9�Y�WaV�vB}t[;�B}]RS�B}]V=[�TiV

A
[tRSL�O�[]Ot}tNah@OQV�z{V�L�O;� RS[tNPOQNPSV(>B[]RSNGO�x

Re(λi(A)) < 0 i = 1, · · · ,n

� - & � ��� '*)*"('a� 
21 � >BA � $ �C� & � )0/�1
3�47698;:7< � ) +�+657+�� � '*) + $ ��� &�> �?� ) + � jk��!�+-!��=q����
*,3�'F�d&(3�BG� 8&: 0T�"!��`&2!�+A�7U)�=�2�i34O�8�������'�� !�� & p�*V� �a�28T*V�"! C2&(*V��8 BG!bU)B"�"U)BG�"!�� �

A
!-�2'��G,�U6&(B:�435�

�;I=�SvBWaY`OQNGRSLµ¦�¨ © ¦�¨ � »M¼¾½�¿� �QÂ@Ã¾Ä



E.e ������°�� ± � o7��� ��� ��	
� p��7��� � �*jik l�m n�o�p
q��.n�� °�l��.��l���C°��Z���

BG�"��*�*V�"!#'F�-� &(�i3�C(�"! � �����������
	�������
������� =�UP�28 B#�M�28 �M�f�S&(�4B:351"��!�+2�����iB:34O�8��`� � < '�35� U��-!�3��i3�C(�
Q
=N3�*b�aYE3V!��M� 8 'F�c�S&(�iB:351"�

P
� � < '�35�HU��-!�3��43�C(� �i!�+A�����4B:34O�8P� ��!�&(�i3V!n9 &(3V!�&('�� *d$Q�dO�86&(�i35�2' � �

jikMl�m n�o�p
q
ATP + PA+Q = 0

ª ESF���®
HJI�z{R�LB[]Ot}QY`OtNaRSLµTBVcWaY,h�RSLBTBNPOQNGRSLµ[tv��[tY�L�OtV x h=R�LB[tNGTBI=}]RSLB[�WZY 9?�A' 1��i35�2' � ��jikMl�m n�o�p
q 1d&('�;
�(34� &(�=�

U(x) = xTPx
Y�WGRS}t[
x

U̇(x) = xTPẋ+ ẋTPx

= xTPAx+ xTATPx

= xT (PA+ ATP )x .

� R�NGO
Q
vBLBVXz{Y`OQ}]Nah=V%TiI�KMLBNGVX� RS[tNPOQNG�V(>B[]N

P
V=[¢Ow[tR�WaviOtNaRSLµ� R�[tNGOtNGSVuTiV�E�Fs� Y�WaR�}t[

U(x) > 0 ∀x 6= 0
V�O

U̇(x) = −xTQx ⇒ U̇(x) < 0 ∀x 6= 0 .
HJR�LBh(>MT
��Y��B}t��[�WaV%Ot|BI=R�}t�=z�VX��I=LBI�}QY�Wi>BWaVu[¢��[¢OQ��z{VcV=[¢OJY`[]�(z{��OQR�OtNa��vBV=z�V=L�O;[]O^Y`_BWaV`F
HJI�z{R�LB[]Ot}QY`OtNaRSLµTBVcWaY,h�RSLBTBNPOQNGRSLµLBI=h�V=[][QY�Na}]VÁx � RSvB}�vBL\h=RSvi�BWaV

(A,Q)
��vBV�Wah�RSLB��vBV�TBRSLBLiI(>

W���I��(vBY`OQNGRSL ESFs��T
�´NaLih=RSLiL(vBV
P

� V=viO§LBV{�BY�[§Y�TBz�V�O]OQ}]V�vBLBV{[tRSWGviOQNGRSL viLBNa��vBV`F�� Y�NG[c[tN
AV�[]Ow[¢O^Y�_iWaVXY�WaR�}t[�W �´I=��vMY`OtNaRSLµTBV\jik l�m n�o�p�q Y�Tiz{V@O;vBLBVX[tRSWGviOQNGRSLµvBLBNG�(viV x

P =
∫ ∞

0
eA

T tQeAtdt .
ª¢E�F�~�®

� L�V /�V�O�x

ATP + PA =
∫ ∞

0
AT eA

T tQeAtdt+
∫ ∞

0
eA

T tQeAtAdt

=
∫ ∞

0

d

dt

(
eA

T tQeAt
)
dt

= eA
T tQeAt

∣∣∣
∞

0

= −Q
ª¢E�Ff¥S®

h=Y�}
eAt → 0

��vMY`LBT
t→∞

[tN
A
V�[]O�[]O^Y`_BWaV`F

H%Y`LB[;WaY§h^|MY��BNPOQ}tVJ[tvBNP`Y�L�O?>i� RSvB}�TBI�z{R�L�OQ}]V=}�WGV=[�}tI�[tvBWPO^Y`Ot[�TBVuWaY§h=RSz�z{Y�LBTBV%¦�¨ >iRSL
viOtNaWGNG[tV;vBLBV�`Y`}tNZY`L�OQV�TiVJWaYXh=RSLBTiNGOQNGRSL�LBI�h=V=[][QY�NG}tVJTBVw[]OQY�_BNGWaNPOQIÁxS[tRSNPO

A
vBLBVwzyY`Ot}tNGh=V;[¢O^Y�_BWGV

Y�WGRS}t[
P
[tRSWGviOQNGRSLUTBV�ESF�� V=[¢OJTBI@KMLBNGVc� RS[tNPOQNPSVX[tN

Q
V=[¢OJTiI�KMLBNGVc� RS[]NGOQNPSV{ª�I@(NaTBV�L�OwT
��Y��B}]�=[

ESF´~�®¾F
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E��

� � ��� � � 	�� �

� � 	 ��� � � � � � �

� ��� � F ���� ��  

5RSLB[]NaTBI�}tRSLi[�vBL�[]�([]Ot�=z�VcWaNGLBI�Y�NG}]VÁx

{
ẋ(t) = Ax(t) +Bu(t) x ∈ Rn; u ∈ Rm

z(t) = Nx(t) z ∈ Rq .

ª e�FPE.®
�
5 3 �M�.- �(+ )�� WZY��MY`Na}tV

(A,B)
V=[]O�[]OQY�_BNGWaNG[QY`_BWGV(>�h��´V=[¢Oa�M\ � TBNG}tVµ��v
�´NaW�L2�´��Y²�MY�[,TBVUz�R�TiV

NaLi[]O^Y`_BWaV%V�O�NGLB�SRSviSV�}tLMY`_BWaV%TMY�LB[;WaVu[¢��[¢OQ��z{V`F

� & +�� $ � > �.+ � ¦�Y�h=R�z{z{Y�LBTiVc�MY�}�}tV@OQRSvi}wT
�´I�OQY`OJ��vBN�[]OQY�_BNGWaNG[tVXWGVc[]�([]Ot�=z�V§V�OJz�NaLiNaz NG[]VXWaV
h=}]NGOt�=}tVX¦�¨�x

J =
∫ ∞

0
(zT (t)Qz(t) + uT (t)Ru(t))dt

ª e�FseS®

=
∫ ∞

0
(xT (t)Qxx(t) + uT (t)Ru(t))dt

Y��V=h
R > 0

>
Q ≥ 0

ª
Qx = NTQN

®5[=�´I=h�}tNPO7x
u(t) = −Kcx(t)

Y�SV�h
Kc = R−1BTPc

ª e�F���®
V�O
Pc

[]RSWav�OQNaR�Lµ� RS[tNPOQNGSV ª +65 '*& ����� � � ) ® TiVXW �´I=��vMY`OtNaRSLµTBV,�u�C���
li�7��x
PcA+ ATPc − PcBR

−1BTPc +Qx = 0.
ª e�F´~�®

� L¹Y�Y`WaRS}][
x
J z{NGL = xT0 Pcx0

ª
x0

xMI@O^Y`O;NaLBNPOQNaY`W^\
t = 0

®@F

$ &(' � ��+���� > �.��� � � 	 ¦7Y¤T���LBY�z{NG��vBV\TBv²[]�([]Ot�=z�V,V=L _ R�vBh=WGV§¬?V=}]z{I�V\[tvi}uWaYyWaR�N�TBV\h�RSz �
��
��¿�����¿���������������� ¼�� �!���"�$# ¼�%�%�&��s¿'��&��)(s¿*� +�������,$�5¿'�.¿�-/.10)2�35476/8*
:9;�.¿��<�$�=��������� ¼����>���"%�(!&?��½������$� ¼�(�¿

&<� �!(>�>��¿�(�¿'%����>��@��>%�¿��<&A��¼B<�!�C&��EDGF����!��H �IKJ:%�¼�L� ¼�%�%/�����)MN@ ¿O@¢¼��<� ¿P%�(>&��i½�������� ¼(QJ�(s¿�@]¼��)RS&��1����&?�7��� ¼�!�����?�
�T@���¿$���U@¢¿�(>&��7��¿V(f¼=� �¢½�&�(s¼���>���WM=+���� �>X����Y(>�!Z���¿[�.¿$�\��]<�^� ,���¿$�O(>�>���]¼��!� ¿$��¼:F@¿:@N&���@�� �!��,�� ¿VRS&�¼��<� ¼����TRS&.¿:_�
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z{Y�LBTBV
u(t) = −K x(t)

RS_ I=NPO`\ W���I���vMY`OQNGRSLux

ẋ(t) = (A−BK)x(t) .
ª�e�Fs¥S®

¦7Y²}]I=� RSLi[tV�Y�viOtRSLBRSz�V¤TBV
x(t)

[���I�h=}]NGO�Y�WGRS}t[
x
x(t) = eAf tx0

Y�SV=h
Af = A − BK

V@O
x0 = x(t = 0)

F
¦�VXh�}tNGOt�=}]V

J
TBV@(NaV�L�O�x

J =
∫ ∞

0
(xT (t)Qxx(t) + uT (t)Ru(t))dt

ª e�F���®

=
∫ ∞

0
xT (t)(Qx +KTRK)x(t)dt

ª e�FsdS®

= xT0

(∫ ∞

0
eA

T
f
t(Qx +KTRK)eAf tdt

)
x0

ª e�F�r�®

= xT0 Px0

ª e�F�³�®
Y�SV=hÁx

P =
∫ ∞

0
eA

T
f
t(Qx +KTRK)eAf tdt.

¦7Y�h�RSL�Ot}QY�NGL�OtV
Af

[]OQY�_BWGVcV=L�OQ}tY �ZLiVc��vBV
P
SI�}tNGKBVbW���I��(vBY`OQNGRSL�TBV,jikMl�m n�o�p
q ªCSRSNa}9Ot|BI=R2�

}]�=z�V ESF���®�x
AT
f P + PAf +Qx +KTRK = 0

ª�e�FPE�¶�®
� Y�};Y�NaWGWGV�vB}t[

P ≥ 0
h�Y�}

J = xT0 Px0

V�O
J ≥ 0 ∀ x0

ª?h=}tNPOQ��}tVu�(vBY�TB}QY�OQNa��vBV�®@F
� R�NGO

Kc
WaY�`Y�WaV�vB}�RS�iOtNaz{Y�WPV TiV

K
��vBNiz�NaLBNGz NG[]V

J
V@O
Pc

WZYw[tR�WaviOtNaRSLbh=RS}]}tV=[]� RSLBTMY`L�OQV
TBVXW���I��(vBY`OQNGRSLUTBV\jikMl�m n�o�p
q�e�FPE�¶6>B[]RSNGO�x

(A−BKc)
TPc + Pc(A−BKc) +Qx +KT

c RKc = 0
ª�e�FPESE.®


5RSLi[tNaTiI=}tR�LB[;vBLBVu`Y�}]NZY`OtNaR�L
∆K

Y�viOtRSvB}9TBV
Kc �

[]RSNGO
K = Kc +∆K

> Y`WaRS}][9NGW2V=L�}tI�[tvBWPOQV
vBLiVX`Y`}tNZY�OQNaR�L

∆P
Y`viOQRSvi};TBV

Pc �
[tR�NGO

P = Pc +∆P
��vBN
SI=}tNPKMVÁx

(A−B(Kc +∆K))
T (Pc +∆P ) + (Pc +∆P ) (A−B(Kc +∆K)) + · · ·

ª e�FPE.e�®
· · ·Qx + (Kc +∆K)

TR(Kc +∆K) = 0

Kc
V�[]O§WZYµ�Y�WaV�vB}cRS�iOtNaz{Y�WGV Y�v0[tV�LB[§TBv*h�}tNPOQ�=}]V

J
>7[t[tN WGV�h=}]NGOt�=}tV{Y`vB�Sz�V=L�OQV�� RSvB}XOQRSv�OQV

`Y`}tNZY�OQNGRSL
∆K

Y�viOtRSvB}9TBV
Kc �

[]RSNGO�x

∆P > 0 ∀ ∆K / A−B(Kc +∆K)
[]OQY�_BWGV

ª?[tN
∆K

V�[]O;OtV=WGWaV%��vBV
A−B(Kc +∆K)

V�[]O�NaLi[]O^Y`_BWaVA>BY�WaR�}t[�WGVuh�}tNGOt�=}tVuTiV�(NaV�L�O�NGLiKMLBNZ®@F � N
RSLU}tV�Ot}QY�Lih¾|BVXW �´I=��vMY`OtNaRSL�e�FPESEXTBVXW �´I=��vMY`OtNaRSL�e�FPE.e�>BLBR�vB[;RS_iOQV�LBRSLB[
x

(A−B(Kc +∆K))
T ∆P −∆T

KB
TPc +∆P (A−B(Kc +∆K))− PcB∆K + · · ·

· · ·∆T
KR∆K +∆T

KRKc +KT
c R∆K = 0
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� � � � �7�Co����Cm � E.¥

(A−BK)T ∆P +∆P (A−BK) + · · ·

· · ·∆T
K(RKc −BTPc) + (RKc −BTPc)

T∆K +∆T
KR∆K = 0


J�´V=[]O�vBLBV9I=��vMY�OQNaR�L,TBVJjikMl�m n�o�p
q F
A−BK

I�OQY�L�O []OQY�_BWGV(>
∆P

V�[]O�� RS[tNPOQNP¬ [t[]N7ª?OQ|iI=RS}]�=z�V
TBVc¦
��Y��BvBLiR.i®�x

∆T
K(RKc −BTPc) + (RKc −BTPc)

T∆K +∆T
KR∆K > 0 ∀ ∆K

RS}
∆T
KR∆K > 0 ∀ ∆K

h=Y�}
R > 0

>MNaW�¬�Y�viO;TBR�LBhX�(viV x

RKc −BTPc = 0 ,
[tR�NGO�x

Kc = R−1BTPc .
ª�e�FGE���®

� N�RSLº}]V=� RS}¢OQV¹h=V@OtOtV I=��vMY`OtNaRSL TMY�LB[{W �´I=��vMY`OtNaRSLºe�FGE�EE>�LBRSvB[{RS_iOtV=LBR�LB[ $ + & � � > �.�?� � � )
������� 3�� �9� ) �S� '*'*> ��� ) x

PcA+ ATPc − PcBR
−1BTPc +Qx = 0.

ª�e�FPE�~�®
�;V=z{Y�}t��vBVÁx.RSLb� V=v�O�}tV�Ot}tRSv�SV=}�TBNG}tV=h@OQV�z{V�L�O�W���I��(vBY`OQNGRSLcTBV;jikMl�m n�o�p
qUV�L§_ RSvBh�WaV�¬?V=}]z{I�V
e�FPESEe\§�MY�}¢OQNG} TBVJW �´I=��vMY�OQNaR�LyTBVb�u�C���
li�7��V=L¤_�R�vBh=WGVJRSviSV�}]OtVXe�FGE=~\V@O�TBVXe(FGE���F�� W�[]v� O9TBV
}QY . RSv�OQV=}9V@O�TBVX}tV�Ot}QY�LBh^|BV�}

PcBR
−1BTPc

TMY�LB[we�FPE�~BF

1 �`- &('*> � ) 3 ��������� 3 )W�
�	��
�������������������  !"

#
$&%

' (*)�+,
+

+

1

+

-

� ���G��e(FGE�� � 1"�����S& � ��'F��Ba&(*k� �N* &_1"�2���S&(')� �e*,3�'F�d&(3�B"�LO�8 & �(Ba&(�434O�8P��:
 }QY�Li[]¬?V=}¢OwTBv�[¢��[¢OQ��z{VÁx

Gzu(s) =
Z
U
(s) = N(sI − A)−1B

F

 }QY�Li[]¬?V=}¢OwTBVX_ RSvih=WaVÁx
Lc(s) = Kc(sI − A)−1B

F7ª�R�L�h=R�vB� VcV=L 
="6� ®

�;RS_BvB[¢OQV=[][tVbTBVXWaY,h�RSz�zyY�LiTBVX¦�¨\F � L�TiI=z�RSL�Ot}tVÁx

(I + LTc (−s))R(I + Lc(s)) = R +GT
zu(−s)QGzu(s)

ª�e�FPE.¥S®
H%Y�Li[�WaVuh=Y�[;z{R�LBR.�Y�}tNaY�_BWGV

(
TBNGz

u = 1)
>BRSL�RS_�OQNaV�L�O�x

|1 + Lc (jω)| ≥ 1
RSv

|Su (jω)| ≤ 1 ,∀ω .
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¦7YXKB�SvB}tVJe�FseXNaWGWGvB[¢OQ}]V;h=V@OtOtVw�B}tRS�i}tNaI@OQI;TMY�LB[ WaV;�BWaY�L{TiV 
 ����vBNG[]O=F � W V=L{}tI=[]vBWGOtVwWGV=[�zyY�}]�SV=[
TBVX[¢O^Y�_BNGWaNPOtI x

� Y`}t�SVXTiVc�SY�NaL
[0.5; +∞],

� Y`}t�SVXTiVc�B|BY�[tV
[−60◦; +60◦]

ª�e�FPE���®

5V@OtOQV%�B}tR��B}tNGI�OQIJL2��V�[]O;�iWavB[ SI=}¢KMI=Vu� RSvB}5WaV�[�[¢��L�OQ|B��[tV=[�¦�¨ TBRSL�O9WGVJh=}]NGOQ��}tVwOQNGV=L�O�h=R�z{�iOtV
TBVX� RSLiTBI=}tY`OQNGRSLB[9h=}tR�Na[tI�V=[;I�O^Y�O © h�RSz�zyY�LiTBVÁx

J =
∫ ∞

0
(xTQxx+ 2xTSu+ uTRu)dt .

�����

����

	�
�������

� ���G� e�Ffe � j 35��8�� ���%k���n�� ���R� �N* &`9?�A' 1��i35�2' � �N�4Bd&('6!n9?��B:��� �hp �28�1�*V�ej�� :

� ��� ��� " � �
�������� �! ��� ��� �"	 ������ �  ��! #"$" !&%' <?

¦ �´I=��vMY`OtNaRSL¹e�FGE=~ [=��I�h=}]NGOwY`vB[t[tN)(7x

[Pc − In]

[
A −BR−1BT

−Qx −AT

] [
In
Pc

]
= 0 .

H =

[
A −BR−1BT

−Qx −AT

] V=[]OXY��B� V=WGI=V\WZY{zyY�OQ}tNGh=Vb|MY�z�NaWPOtRSLiNGV=LBLiV\Y�[t[]R(h=NGI=V \yW �´I=��vMY2�
OtNaRSLµTBV\�X�C���
li�7��e�FPE�~BF

) �.� 3 ��� & � & � )
H

� WaV=[
2n

`Y�WGV=vB}][;�B}tRS�i}tV=[;TBV
H

[tRSL�O7x
� WaV=[

n
`Y�WGV=vi}t[;�B}]RS�B}tV�[�[¢O^Y�_BWGV=[;TiVcWaY,_ RSvih=WaV%¬?V=}]z{I�VX[t� V�h

(A−BKc)
>

�<

In

�<�:���s½��.¿V(f¼=�9¼�� ���T@ ¿V�T��¿���� �!���"�.¿[�<�>��¿������!���
n
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� � ��� � �.pÁ°�n7�7�CpÁo � � ° � � �Án7li�7�CpÁo � ���u�C���
li�7� � E.d

� WGV=[
n
�Y�WaV�vB}t[ �B}]RS�B}]V=[5R��B� RS[tI�V=[5�MY�} }tY��B� RS}¢O#\cW ��Y � VwNGzyY���NGLMY`NG}]Vbª�TBR�LBhwNaLB[¢O^Y�_BWGV=[Q®@F

$ &(' � ��+���� > �.��� � � � /�V=h@OQvBR�LB[�vBLBVXOt}QY�Li[]¬?RS}]zyY`OtNaR�Lµ}]I=�SvBWGNa��}tV%[tvB}
H
x

H̃ = M−1HM
Y�SV�h

M =

[
In 0

Pc In

] V�O
M−1 =

[
In 0

−Pc In

]
,

Y�WGRS}t[
x

H̃ =

[
In 0

−Pc In

] [
A−BR−1BTPc −BR

−1BT

−Qx − ATPc −AT

]

=

[
A−BR−1BTPc −BR−1BT

−PcA− ATPc −Qx − PcBR
−1BTPc −A

T + PcBR
−1BT

]

=

[
A−BKc −BR−1BT

0 −(A−BKc)
T

]
.

HJRSLihÁx

det(sI2n − H̃) = det(sI2n −H) = det(sIn − (A−BKc)) det(sIn + (A−BKc)
T )

� & +=� $ �7�.�?� � 3�> � $�) + +=� ��+ ) + 3�> � ) +{��� 	 > ��� > � �.+ � ¦7Y�TBI=z�RSLB[¢OQ}QY�OQNaR�Lu�B}]I=h�I=TBV�L�OQV LBR�vB[
z�RSL�Ot}tV ��vBV [

In
Pc

] V=[¢O§WaYUz{Y`Ot}tNah�V,TBV=[XSV=h@OQV=vi}t[µª?TBV�WaRSLi�SvBV=vi}
2n
®%��vBN�V=Li�SV=LBTi}tV=L�O§WaV

[tR�vB[wV=[t�BY�h=V§NGL�`Y�}]NZY`L�O�Y�[t[]R(h=NaIbY�v �
n
�Y�WaV�vB}t[��B}tR��B}tV�[J[¢O^Y�_iWaV=[�TBV

H
ª?[t� V�h

(A− BKc)
®¾F

� RSNPO
Λ
WZY�z{Y`OQ}tNGh=V

n × n
ª�TBNaY��SRSLBY�WGV¤RSv LBR�L ®\TBV�[

n
`Y�WGV=vB}][ �B}tRS�i}tV=[ []O^Y`_BWaV�[ V�O�[tR�NGO

X
WaY{z{Y`Ot}tNah�VcTBV=[JSV�h�OtV=vB}][u�B}tRS�i}tV=[JTBV

H
Y`[t[tR(h�NaI�[ \

Λ
h=Y�Wah�vBWaI�[J�BY�}JV � V=z��BWaV§�BY�}JviLBV

TBI�h=RSz�� RS[tNPOQNGRSLµ[t� V�h�OQ}tY�WaVXR�v�vBLBVXTBI=h�RSz�� RS[tNPOQNaR�LµTBV � � 	�n �²TBV
H
x

HX = XΛ,

[tN�W���R�LU�MY�}¢OQNGOtNaR�LBLBV
X

V=L¹TiV=v � [tRSvi[r� z{Y`Ot}tNah�V=[
n× n X1

V�O
X2

x

X =

[
X1

X2

]
,

Y�WGRS}t[�RSL�� V�viOwI�h=}]Na}tVÁx
[

A −BR−1BT

−Qx −AT

] [
In

X2X
−1
1

]
=

[
In

X2X
−1
1

]
X1ΛX

−1
1

V�O�TiRSLBh
Pc = X2X

−1
1 .

Pc
V�[]O�viLBNa��vBVuh�Y�}9NGW2L
�´V � Na[¢OQVX��v
�´vBL¹[]V=vBW�V�LB[tV�z,_iWaVuTBV

n
`Y`WaV=vi}t[9�B}tRS�i}tV=[;[¢O^Y�_iWaV�[;TBV

H
F
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� �:9 � F � � F  �$��� "�	 "�
>@ ����� �� � �! "
¦�Vwh=}]NGOQ��}tVJ¦�¨ � V=v�O ��Ot}tVw�(vBY�WaNPO^Y`OtNPSV=z�V�L�O � V=} � v¤h=RSz�z�V�vBLyh=RSz��B}tR�z{NG[�V�L�OQ}]VJ� V=}M�

¬?RS}]zyY`LBh=V§ª�TBI�h=}tNPOQVw�MY�} WZYc� RSLBTBI�}QY�OQNaR�Ly[tvB}
z
® V@O�h=R�LB[tRSz�z{Y`OQNGRSL ª�TBI�h=}]NGOQVw�MY�} WZYc� RSLiTBI��

}tY`OQNGRSLµ[tvB}
u
®¾F ¨%vBVXh�Vc�MY`[t[tVXO=��NGW
� RSvi};WaV�[;}]�=�SWaY��SV�[;V � OQ}t��z{V�[�TBVXh=VXh=RSz��B}]RSz�Na[��SF

� - & � � � '0)²��'�"K
 � - & � � � '*)�� & � & � >M$=� � �2'6!�34� ��B"�2'6!e8�'�!�+-!��=q����L*,3�'F�d&(3�BG�?/
{
ẋ(t) = Ax(t) +Bu(t) x ∈ Rn; u ∈ Rm

z(t) = Nx(t) z ∈ Rq .

ª�e�FGE�dS®

j^&_1"�2���S&(')� � U &(B BG���M�28 BH�%$Q���5&(��O�8�3I��3�'�3���3V!-� *V� 1�B:3��Mq�BG� j�� /
J =

∫ ∞

0
(zT (t)z(t) + ρuT (t)u(t))dt

ª�e�FGE�r�®

=
∫ ∞

0
(xTNTN(t)x(t) + ρuT (t)u(t))dt

&(C(�"1
ρ
!-1d&(* &(3�BG�#U��-!�3��43 9 = !�$Q�"1�B:3���� /

u(t) = −Kcx(t)
&(C(�"1

Kc =
1

ρ
BTPc et Pc = Ric

[
A − 1

ρ
BBT

−NTN −AT

]
.

ª�e�Fse�E.®

� �28 !H&(C(�2'6!L&E*0�ABG!?/
8
limρ→0(Pc) = P0

�aYE3V!��=� ���
limρ→0(J) = xT (0)P0x(0)8 ��' < ' = !�3I*V�"!e� +"U��2�n��q"!-�"!e!�8 3�C2&('��=�"! !-�2'�� C(��B:3 < �"�"!?/

∗ dim(z) ≤ dim(u) (q ≤ m),

∗
*V�L�4Bd&('6!�9?��B��

Z/U(s) = N(sIn − A)−1B
'F$ &LU6&2!h� ���2��B"�-!

� &('6!N*V�H� ����3�;VU)* &('T�(BG�23��
,

ª�e�Ffe�eS®

&(*V�2BG!
P0 = 0.

¦7YwTBV=}]LBNa��}tV5|���� R`OQ|B��[tV9NGWaWGvB[¢OQ}]V WGV ¬�Y�NPO���vBV(>`TMY�LB[�WaV h�Y�[�TBV5[]�([]Ot�=z�V \JTiI=�B|BY�[QY���V�LBRSL\z�N �
LBNGzyY`W�ª?h��´V=[¢Oa�M\ � TBNG}tVwY�SV=hwTBV�[�]=I�}tR�[�� NaLB[¢O^Y�_BWGV=[ ¡¢®�>SRSL{LBVw� V�viO5�MY�[ � � RSvB[t[]V=} ¡wNGLBTBI�KBLBNaz�V=L�O
WGV=[ � V=}¢¬?RS}tz{Y�Lih=V=[ z �=z�VU[]N;W���R�L [��sY`viOQRS}]Na[]V�TiV=[�h=R�z{z{Y�LBTBV�[ [tY�LB[{Y�vBh�vBLBV�WaNGz�N O^Y�OQNGR�L

�À�
t»L��&���� ¼%�%�¿$( J
X = � �>@

[H]
�<�$����½��.¿W(s¼ ����(>&<���>��� ��]1����� ���TRS&.¿ �<�
	�����¿ %/�����!���>F@¿W�.¿W(Q# �:R�&`¼����>��� ��¿

������ 0�� ���
XA + ATX −XRxX + Qx = 0

D ��
 � ��_
¼�� ����@��>�¢¿ M=(f¼=�9¼�� ���T@ ¿V+�¼��=�>(!��������¿$���.¿ �

H =

[
A −Rx

−Qx −AT

]
.

D �<
 �¾Ä�_

�;I=�SviWZY`OtNaR�LU¦�¨ © ¦�¨ � »M¼¾½@¿� H=Â¾Ã@Ä



� ��� � �2p�m �7� �M��� ��l��=kÁ±umM�7p��7� �Án � � E�³

h=V�h=N�V�[]OwOQRSviO7\ ¬�Y�NGO�WGRS�SNG��vBVc�BviNa[t��vBVbWaV�[b]=I�}tR�[,ª�TBv [¢��[¢OQ��z{V§h=R�z{z�VcTiv�h�RS}t}]V=h@OQV=vi}^®wY`Or�
OQNG}tV�L�OXWGV=[u� � WaV�[XV�L0_ R�vBh=WGV,¬?V�}tz�I=V ��vMY`LBT0WGV,��Y�NGL TiV�_ R�vBh=WGV�Y�vi�Sz{V�L�OtV¹ª?RED WGRS}][t��vBV WZY
� RSLBTiI=}QY�OQNaR�LU[tvB}

u
TBNGz{NGL�vBV%TMY�Li[�WGVuh=}tNPOQ��}tVc¦�¨X®¾F

� RSvB}{Y�LMY`WG�([tV�}���vMY�WaNPO^Y`OtNPSV�z{V�L�O WaV=[ �B}tRS�i}tNaI@OQI�[yY`[]�(z{��OQR�OtNa��vBV=[�TBV�WZY h�RSz{z{Y�LiTBV
¦�¨ >MR�L�� V=viO�viOtNaWaNP[tV=}�vBL�RSv�OQNaW2�S}tY��B|BNG��vBVÁxMWGV �¤�
�M�{+ � � > � )²$ ������+ F

�¤�
�M�{+ � � > � )²$ ������+ � 
J��V�[]OJWGVXWaNGV=vUTBV=[;`Y�WGV=vB}][��B}tR��B}tV�[wTBVcWaY z{Y`OQ}]Nah�Vu|MY�z�NaWPOtRSLBNPV=LBLiV
H

WaR�}t[t��vBV
ρ
`Y`}tNGV%TBVX¶ \\W �´NaLiKBLBN F�¦7Y\�MY�}]OtNaVJ[]O^Y`_BWaV%TBVuh�VXWGNaV=v¤z�RSL�Ot}tV%W���I@SRSWGviOQNGRSL¤[]V=WGRSL

ρ
TBVXWZY\Ti�(LMY�z�Na��vBVXV�L¹_ R�vBh=WGVu¬?V=}]z{I�V�F

H =

[
A − 1

ρ
BBT

−NTN −AT

] ª e(Ffe`��®

=

[
A 0

−NTN −AT

]
−

[
B

0

]
1

ρ

[
0 BT

] ª e(Ffe�~�®

= A− BkC
ª e�FseS¥S®

¦�V BG� �2�I!�O�86&(BG�L*V�-1�8 !�h�RS}t}]V=[t� R�LBT¹TBRSLBhcY�vUWaNaV�vµTBV=[�}tY�h=NGLBV=[9TBv¹[¢�([]OQ��z{VXKBh�OQNP¬�x

S =

[
A B

C 0

] ª e(Ffe`��®

� RSvB}9vBL���Y�NaLµTBVX_ RSvBh�WaV
k = 1/ρ

`Y`}tNZY`L�O9TBVcW��
∞

\
0
F


 R`OQRSLB[
x
Gzu(s) =

Z

U
(s) = N(sI − A)−1B (= Ge

∏nz
0 (s− zi)∏n
0 (s− pi)

V�L¹z�RSLBR�`Y�}]NZY�_iWGV
).

ª e(Ffe�dS®
�;�=�SWGV=[9TBVXh=RSLi[]OQ}]vBh�OtNaRSL�TBv�WGNaV�vXx TMY�Li[�WaV h=Y�[�z�RSLBR�`Y�}]NZY�_BWPV(>=h�V [tR�L�O�WaV�[7}t���SWaV�[7h=WaY�[t[]Na��vBV�[
Y��B�iWaNa��vBI�V=[�Y`v�[]�([]Ot�=z�V

S
h�RSz��iOQV%OQV�L(v¹TiV=[�}]V=z{Y�}t��vBV�[�[]vBNG`Y`L�OQV�[

� T2�sY��i}t�=[;WZY\�B}tRS�i}tNaI@OQIuTBV
H
x

TBV�O
(λI −H) =

TBV�O
(λI − (A−BKc))

TBV@O (
λI + AT −KT

c B
T
) ª e(Ffe`r�®

h�V�WGNaV�v TBV�[ }QY`h=NaLiV=[�V�[]O [¢�(z{I@OQ}tNG��vBV;�MY�}�}tY��B� RS}¢O \XW ��Y � V9Naz{Y��SNPLMY�NP}tVÁx
⇒

WaV9[]Na�SLiV;TBv
�SY�NaLµT
��� �Y�LB[�V=[]O�h=V�WavBN
� RSvB}9WaV=��vBV�W�W ��Y � VXNGzyY`�SNGLBY�NG}]V%LBVu¬�Y�NPO9�MY�[;�MY`}]OQNGVuTBv�WaNGV=v^>

� WGV=[
2n

� � WaV�[JV�L²_ RSvih=WaVbRSviSV�}]OtV\TBV
S
[tRSL�O%WaV�[

n
� � WaV�[JTBV

Gzu(s)
h�RSz{�iWaI@OQI=[w�MY�[

WGV=vB}][;RS�i� RS[tI�V=[�>
� WGV=[ ]=I�}tRS[�TiV

S
[tR�L�O�WGV=[f]�I=}]RS[�TBV

Gzu(s)
h=R�z{�BWGI�OtI=[9�MY�[;WaV�vB}t[9RS�B� RS[]I=V�[=F

H%Y�Li[cWGV,h�Y`[cz\vBWPOQN � �Y�}tNaY`_BWGVA>2R�L LBV � V�viOc�BWavi[X�BY�}tWGV=}%TBv [tNG�SLBV,TBv ��Y�NGL²T
� � �Y�LB[yª�h`��V�[]O
vBLBV§z{Y`Ot}tNah�VcTBVb��Y�NaLi[^®9zyY`Na[�WaY��B}tR��B}tNGI�OQIcTBV§[]�(z�I�Ot}tNaVb�MY`}w}QY��B� R�}]Oe\{W��sY � VbNGzyY`�SNGLMY`NG}]V
V=[¢O%OQR�v . RSvB}][wSI=}]NGKMI�V\V�O%RSL�� V�viOXY�{}]z{V�}w�(viV,WGVbWaNGV=v TiNa}tV�h�O,ª�h=V�WavBN���vBN�LBR�vB[%NGL�OQI�}tV�[t[tV�®
V=[¢Owh�V=WGvBN
�(viN7LiVch�RSL�OQNaV�L�O;�MY�[;W��sY � VXNGzyY`�SNGLBY�NG}]V%V@O�WaV%WaNaV�vµh=RSz��BWGI=z�V=L�OQY�NG}tVJV=[¢Owh�V=WGvBN���vBN
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h�RSL�OtNaV�L�O W ��Y � VwNGzyY`�SNPLMY�NG}]V�F � LiKML^>(WZYX�MY�}¢OQNaV;TBvyWaNGV=v���vBN LBRSvB[ NaL�OQI�}tV�[t[tVJ� R�vB}5Y�LBY�WG�([]V=} WaY
Ti�(LMY`z{NG�(viV\V�L _ R�vBh=WGV§¬?V�}tz�I=V§V=[]Ouh�V=WaWGV§TBv²TiV=z�N � �BWaY�L �SY�vBh^|BV\h�Y`}%WZY{h�RSz{z{Y�LBTiV\¦�¨ �
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5V�[w}]�=�SWGV=[9TBVX[]�(z{z���Ot}tNGVuh�RSLBTBvBNG[tV�L�OwY�v � h�RSLBh=WGvB[tNGRSLB[9[tvBNP`Y�L�OQV=[�F

� � ��+ � � )
ρ→∞

� ª�h�RSz�zyY`LBTBVN\,I=LiV=}t��NaVXz�NaLiNaz�Y�WPV�®
� WaV=[J`Y�WGV=vB}][u�B}tR��B}tV�[X[¢O^Y�_BWGV=[uTiV

A
LBV,[tRSL�OX�MY�[uz�R(TBNGKBI=V=[%�MY`}uWaY¤h�RSz{z{Y�LBTiV,¦�¨\F

� N�WaVu[¢�([]OQ��z{VcV�[]O�[]O^Y`_BWaVuV=L�_ RSvBh�WaVXR�viSV=}¢OQVbY`WaRS}][
Kc = 0

>
� WaV=[
`Y�WGV=vB}][��i}tRS�B}]V=[�NGLB[]OQY�_BWGV=[�TBV

A
[tRSL�O��iWZY�h�I=V�[�V=Lc_ RSvBh=WGV ¬?V�}tz�I=V�[tvi}�WaV�vB}t[�Naz{Y��SV�[

[]O^Y`_BWaV�[
→ Kc 6= 0

F

� � �`+ � � )
ρ → 0

� ª�Y�vih=vBLBV§WaNGz�NPOQY`OtNGR�L¹[]vB}JWZY�h�RSz{z{Y�LiTBV�®9[tRSNPO
nzf

WaVbLiRSz\_B}tVbTBVh]=I=}]RS[
TMY`LB[�WGV%OQ}tY�LB[]¬?V�}]O

Gzu(s) = Z/U(s)
> Y�WGRS}t[
x

�
q
`Y�WGV=vB}][µ�B}]RS�B}tV�[UTiV²WZY*_ RSvBh�WaV ¬?V=}]z{I�V²[]RSL�Oµ�BWZY`h=I=V�[µ[tvB}µWGV=[]=I�}tRS[µ[]OQY�_BWGV=[µTiV

Gzu(s)
V�O�[tvi}�WGV=[9Naz{Y��SV�[9[¢O^Y�_BWGV=[;TiV=[`]�I=}tR�[�NaLi[]O^Y`_BWaV�[9TBV

Gzu(s)
>

� WaV=[
n − q

`Y�WGV=vi}t[\�B}tRS�i}tV=[\}tV=[¢O^Y�L�OQV�[ [tR�L�O,}tV . V@OQI�V=[S\�W���NGLiKMLBN TMY�Li[,WaVyTBV=z�N5�iWZY�L
��Y�vBh^|BVA>

�
Pc = 0

[tN
Gzu(s)

V=[¢O7\,TBI=�B|BY�[QY���Vcz{NGLBNGz{Y`WÁª��MY�[;TiVL]�I=}]RS[�NaLi[]O^Y`_BWaV�[^®�>

�76 )�'73�$?) ' ���7��	 > ��� >BA�$�)W� 
5RSLi[tNaTiI=}tR�LB[�WGVu[]�([]Ot�=z�VÁx




ẋ =

[
0 1

−1 0

]
x+

[
0

1

]
u

z =
[
1 −0.1

]
x

.
ª�e�Fse�³�®

V@O�WaVuh�}tNGOt�=}]V x
J =

∫ ∞

0

[
z2 (t) + ρu2 (t)

]
dt

Y�SV�h
ρ > 0.

¦7Y9[]V=[][tNaR�L � Y`OtWZY�_u[]vBNG�Y�L�OtV�� V�}tz�V�O7TiV Ot}QY�h�V=}�WGV BG�-�2��!�O�8 &(BG� *0� 1�8 ! Y`[t[tR(h�NaI \�h=V��i}tRS_BWG�=z�V
ªCSRSNa}5KM�SvB}]Vbe�Fs�S®@F
���������	��
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����� �
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���#"�$����	�%�'&������!�)(*&��+����(	����,-$����.���/��&0������1�$����	�'&��)(2��(	���
���#354�6-7�8:9<;�"�$�=	,-$�=>1?$�=/�5@
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ẋ =




0 1 0 0

−1 0 0 0

1 0 0 1

0 0 0 0



x+




0 0

1 0

0 0

0 1



u

z =

[
1 −0.1 0 0

0 0 1 0.2

]
x (t)

.
ª�e�Fs��¶�®

V�O�WGVuh=}]NGOt�=}tVÁx
J =

∫ ∞

0

[
zT z + ρuTu

]
dt

Y�SV=h
ρ > 0.

� OQNPOQ}tV¤T2��V � V�}th�Nah�V�RSL�TBI�SV�WaRS�i� V=}QY vBLiVµ¬?RSLBh@OQNaR�L 3 9���4�6-708:9 � V=}]z{V@OtOQY�L�O,TBVµOQ}tY�h=V�},WaV
BG�-�2�%!�O�8 &(BG�b*V�-1�8 !JTBY�LB[ WGV�h=Y�[ �SI�LBI=}tY�W�ª?WZYu¬?R�LBh�OtNaRSL 3'4�6�7�8:9 L2�sY�h�h=V��iOQVJ��vBVwTBV�[5[¢�([]OQ��z{V�[
z�RSLBR�`Y�}tNaY�_BWPV=[^®¾F2¦�Y¤[]�(L�O^Y � V�T2�sY��i� V=WÁ[tV=}tYUWaY¤z �=z�V\��vBV h�V=WGWaV\TBV,WaYy¬?RSLBh@OQNGRSL 4���3 F � L
RS_iOtNaV�L�O�Y�WGRS}t[�WZY\[tV�[t[tNGRSL¹[]vBNG�Y�L�OtVXV�O�WZY§KM�Svi}tVbe�F´~BF
���������	��
 ��������
���������
���� 
�>�%�����?���
��� �'���	�%����
����>�%���>��
!����������
�� �� �
������>�%� 
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5RSLi[tNaTiI=}tR�LB[�WGVu[]�([]OQ��z�V x




ẋ (t) =

[
0 1

0 0

]
x (t) +

[
0

1

]
u (t) +

[
0

1

]
e (t)

z (t) =
[
1 −1

]
x (t)

.
ª�e�F��iE.®


 RSvB[;}tV=h^|BV�}th^|BRSLB[wWGVu}tI��SvBWaY`OQV�vB}
(e (t) = 0)

��vBN�z{NGLBNGz�NP[tV%WaVuh�}tNPOQ�=}]V

J =
∫ ∞

0

[
z2 (t) + ρu2 (t)

]
dt

Y�SV=h
ρ = r2 > 0.

� 
�Y�Wah�vBWaV�}9WaVu}]V�OtRSvB};T2��I@O^Y`O
Kc

[QY`LB[�}tI�[tRSviTB}tVcW���I���vMY`OQNGRSLUTiVb�;Nah�h�Y`OtN5>
� OQ}QY`h=V=}�W �´I�SR�WaviOtNaRSLyTBVuWaY\T���LBY�z{NG��vBV%V=LU_ RSvBh�WaVJ¬?V=}]z{I�VuWGRS}t[]��vBV

ρ
`Y�}]NaV%TiV

0
\
∞

>
� �(viV=WaWGV��Y�WaV�vB} TBV

ρ
� V=}tz�V@O T2�sY�SRSNa}ÁV�L�_ RSvBh�WaV�¬?V=}]z{I�V9vBL�[¢��[¢OQ�=z�V;TBv�[tV�h=R�LBT{RS}tTi}tV

Y�z{R�}]OQN)\yE �SF�' Y`WaV�vB}5TBVJWZYb�BvBWG[QY`OtNaRSLyh�RS}]}tV=[]� RSLBTMY`L�OQV �c¦�NaV=v¤TiV)(5WZY`h+* h=RS}]}tV�[t� RSL��
TMY�L�O��

� �(viV=W7V�[]O�WaV%OQ}tY�LB[¢¬?V=}]O
Z/E(s)

V�L¹_ RSvih=WGVu¬?V=}]z{I�V �
� 
�Y�Wah�vBWaV�}

Pc
WaYX[]RSWaviOtNaR�L�TiVwW���I��(vBY`OQNGRSL�TBVw�;Nah=h=Y`OQNBV=L{¬?R�LBh�OtNaRSL�TBV

ρ
V�O

limρ→0(Pc)
F
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� L�h=R�LB[tNGTB�=}]VcWaVu[¢�([]OQ��z{VcTiv¹[]V=h�RSLBT¹RS}tTB}]VÁx

G(s) =
Y

U
(s) =

s+ 3

(s+ 2)(s− 1)

 }QY�h�V=};�(vBY�WaNPO^Y`OtNPSV=z�V=L�O9WaVw� }tR(R�O9[t��vMY`}tVcWGR�h�vB[¢¡uY�[t[]R(h=NGIcY�v�h�}tNGOt�=}]Vc¦�¨�x

J =
∫ ∞

0
(y2 + ρu2)dt.

� V=v�Oa� R�L²}tV�LBTB}tV\WGV=[w`Y�WGV=vB}][%�B}]RS�B}tV�[%TBv²[]�([]Ot�=z�V,V=L²_ RSvih=WaVb¬?V�}tz�I=V\Y�}t_iNGOQ}tY�NG}tV�z�V=L�OJ}QY �
�BNGTBV=[;V�L . RSvBY�L�O;[tvi}

ρ
��F
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5RSLB[]NaTBI�}tRSLi[�WaVu[¢�([]OQ��z{VcWGNaLBI=Y�NG}tVJT
��R�}tTB}]V

n
[tvBNP`Y�L�O7x





ẋ = Ax+Bu+Mw

y = Cx+Du+ v

z = Nx

ª��iFPE.®

RED
w

V�O
v
}]V=�B}]I=[]V=L�OtV=L�O¹TBV�[�_i}tvBNPOQ[µ_BWaY�LBh�[�>�TBV z�R.��V=LBLBV²L(vBWGWaV(> NaLBTiI=� V=LiTMY�L�Ot[�>;Y�SV�h

}tV�[t� V�h�OQNPSV=z�V=L�Ow� RSvB};z{Y`Ot}tNah�V%TBVXh=R�`Y�}tNaY�LBh�V
W

V@O
V
F

E
[
w(t)w(t+ τ)T

]
= Wδ(τ) E

[
v(t)v(t+ τ)T

]
= V δ(τ) E

[
w(t)v(t+ τ)T

]
= 0 .Y�SV�h

W ≥ 0
V�O

V > 0 ª��iFseS®
� L�LBR�OtVcY�vB[][tN

Wx = MWMT WZY\zyY`Ot}tNGh=V%TBVXh=R�`Y�}]NZY�Lih=VXTBv�_B}]vBNGO9T
��I@O^Y`O=F
� �MY�}¢OQNa}9TBv¹SV�h�OQV�vB}

y
TiVbz�V=[tvi}tV=[w_B}]vBNGOtI=V=[§ª�}]V�OQR�vB}�TBVb[]RS}]OtNaV�®:>MLBRSvB[w}]V=h^|BV=}]h^|BRSLB[

vBLBVXWaR�N
TiVch�RSz�zyY`LBTBVu��vBN�z�NaLBNGz�NP[tV%WGVuh=}tNPOQ��}tV

J = lim
T→∞

E

[∫ T

0

(
zTQz + uTRu

)
dt

] ª��iF���®
RED

z = Nx
TBI�[tNa��LBV¤WaV{SV�h�OQV�vB} \�}]I=�SvBWGV=}§V�O

Q
V�O

R
TiV=v � zyY`Ot}tNGh=V=[bTBV¤� RSLBTBI�}QY`OtNaRSL

Y��V=h(>Mh=RSz�z�Vu�B}]I=h=I�TBV�z{z�V=L�O?>

Q = QT ≥ 0
V�O

R = RT > 0 .

¦7Y§[]RSWav�OQNaR�L{TBVJh=VJ�B}tRS_iWa�=z�Vw[��sY`�B�BvBNGVJ[tvB}5WaV 3 ��������� 3 ) � ) + & 3�> � > �.�?��� ��vBN2I@O^Y�_iWaNPO ��vBV
WZY\h=R�z{z{Y�LBTiVuRS�iOtNaz{Y�WGVJV=[]O�RS_iOtV=L�vBV

� YS®�V=L }tV�h¾|iV=}th^|MY`L�O W �´V=[¢OQNGz{I5R��iOQNGzyY`W
x̂
ª�Y�v,[tV�LB[�TBV9WaYJ�Y�}tNaY�LBh�V�T
��V�}t}tV�vB} z{NGLBNGz{Y`WGV�®

TiVXW �´I�OQY`O
x
�MY`}9WZY\z�I@OQ|BR(TBVuTBv�g�NGWGOt}tVJTBV§¯§l�°(±%l�oI>ih��´V=[¢Oa�M\ � TBNG}tV%RSLUV=[¢OQNaz�V%W �´I�OQY`O

�;I=�SvBWaY`OQNGRSLµ¦�¨ © ¦�¨ � »M¼¾½�¿ �@Ã�Â@Ã¾Ä
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Retour d’état

Estimateur

Système

+ -
+

+

+

+
+

e

yε

� ���3� ��FGE�� j^&�!��iB:8�1��i8 BG�S�(8 1"�2B:BG�"1��M��8 BNj���� � * & �iBa&('6!���3V!"!�35�2'X�(3�B"�"1��=�
D

'F$Q�"!��%U6&2!HBG��;
U)BG�"!-��'��=�"�#U��28�Bh� �"!NBa&(3V!-�2'6!h� � 1�* &(B:�M� �0:

x
�MY�}UW �´I=��vMY`OtNaRSL h=WZY`[t[tNG��vBV TBv KBWGOQ}]V TBV�¯§l�°�±%l�om\ h�RSLBTBNPOQNGRSL �(viV0WaV²OQ}]Na�BWGV�O

(
A,MW 1/2,C

) [tR�NGO;TBI@OQV�h�O^Y`_BWaVXV�O;[]O^Y`_BNaWGNa[tY�_BWGV`F

˙̂x = Ax̂+Bu+Kf (y − Cx̂−Du)

Y�SV�h
Kf = PfC

TV −1 R(D Pf RS_ I�NGO`\,W �´I=��vMY`OtNaRSLµTBV\�X�C���
li�7��[]vBNG`Y`L�OQVÁx

PfA
T + APf − PfC

TV −1CPf +MWMT = 0
ª���F�~�®

Y�SV�h
Pf = P T

f > 0.
� _ ®�V=L\V=z��BWGR.��Y�L�O�h�V�O V�[]OtNaz�I h=RSz�z�V [=�´NaW(I@O^Y�NPO�WZY�z�V=[tvi}tV5V � Y�h�OtV�TBv§SV=h�OtV=vB}ÁT
�´I�O^Y�O?>
� RSvB}u}tI�[tRSviTB}tV WaV\�B}]RS_BWG�=z�V\TBV,h=RSz�zyY`LBTBV\RS��OQNaz{Y�WPV§WaNGLBI�Y�NG}]V§TBI�OtV=}]z{NGLBNa[¢OQVUª?z{I:�
OQ|BR(TBVc¦�¨X®

�
[tRSNPObª�[]N

(A,B,Q1/2N)
V�[]OwTiI�OQV�h�OQY�_BWGVcV@O�[]OQY�_BNaWGNG[QY�_BWGV�®�x

u = −Kcx̂

Y�SV�h
{
Kc = R−1BTPc
PcA+ ATPc − PcBR

−1BTPc +NTQN = 0
.

ª��iFs¥S®
¦7YwKM�SvB}]V;��FGE�}tV��B}tI�[tV=L�OQV;WaYJ[¢OQ}tvBh@OQvB}]V9TBv,h=R�}t}tV�h�OQV�vB}�¦�¨ � TMY`LB[ WGV5_ RSvBh�WaV�TiV9}]I=�SviWZY`OtNaRSL2F

¦7Y }]V=�B}]I=[]V=L�O^Y`OtNaRSL�T
�´I�O^Y�O�TBv�h=RS}]}tV�h�OQV�vB}w¦�¨ � [=�´I=h�}tNPO�x
[

˙̂x

u

]
=

[
A−BKc −KfC +KfDKc Kf

−Kc 0

] [
x̂

y

]
.

ª��iF���®
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� L ��V�viOyz�RSL�OQ}]V=} ��vBV¹WZY }]V=�B}]I=[]V=L�OQY`OQNGRSLºT2��I@O^Y`O{TBv OQ}QY`LB[]¬?V�}]O{V=L _ RSvBh=WGVU¬?V=}]z{I�V

V=L�OQ}]V
e
V�O
εy

ª?SRSNG}�KB�SvB}tVc�iFPE.®5[���I�h=}tNPO


ẋ

ε̇x
εy


 =



A−BKc BKc B

0 A−KfC 0

0 C 0






x

εx
e


 .

ª��iFsdS®

RSv
εx = x− x̂

TiI=[tNG�SLBVXW���V�}t}tV�vB}9T
��V�[]OtNaz{Y`OQNGRSLµTBVXW���I@O^Y`O=F
� �MY`}]OQNG};TBV§h�V�O]OQV§}]V=�B}]I=[tV�L�OQY`OQNGRSL^> WGV 3 ��������� 3�) � ) + & 3�> � > ����� � Y`�B�MY�}tY �aO�h�WZY�NG}tV��

z�V=L�O�V@O�� V=viO ��Ot}tVu¬?RS}tz\vBWGI%TBVXWaY\¬�Y � RSL�[]vBNG`Y`L�OtV x
� WGV=[�`Y�WGV=vi}t[Á�B}]RS�B}]V=[ÁTBV�WZYw_ R�vBh=WGV5¬?V�}tz�I=V5� V=viSV�L�O ��Ot}tV�[tI��MY�}]I=V�[�[tV�WaRSL\WaV�[

n
`Y`WaV=vi}t[

�i}tRS�B}]V=[ Tiv }tV@OQRSvi},T
��I@O^Y�O ª?[t� V=h
(A − BKc)

®§V@O�WGV=[
n
�Y�WaV�vB}t[,�B}]RS�B}tV�[ TBv KMWGOt}tV

T2��V�[]OQNGzyY�OQNaR�L ª�[]� V=h
(A−KfC)

®�>
� WGV=[

n
`Y�WGV=vB}][;�B}tR��B}tV�[�TBvUKMWPOQ}tVuT2��V�[]OQNGzyY�OQNaR�Lµ[tR�L�O�NGLB�SRSviSV�}tLMY`_BWaV�[;�MY`}

e
>

� WGV=[
n
`Y�WGV=vB}][;�B}tR��B}tV�[�TBv�}tV@OQRSvi};T
�´I�O^Y�O�[tRSL�O�NaLBR�_B[tV�}]`Y`_BWaV�[;�MY�}

εy
F

¦�VuOQ}tY�LB[]¬?V�}]O�TiV
e
SV�}t[

εy
V�[]O�TBRSLBhuOQR�v . RSvB}][;L(viW F

9 �:9 ; 
�� �CB � "? ��� � � � � � � � � � � � F 	 �!"��  F � �� G� ���9 F 
��
¦ ��R�_ . V�h�OQNP¬BTBV WZY;�B}]R(h=I�TBvB}tV TBV }]I=�SWaY��SV ¦  � V=[]O�TiV }tV�[]OQY�vB}tV�}�WaV�[�zyY�}]�SV=[7TBV [¢O^Y�_BNGWaNPOtI

� NGTBI�Y`WaV¾¡�TBv¤}tV�OtRSvB}5T
�´I�O^Y�O9TBVJWZYbh=R�z{z{Y�LBTiV%¦�¨�ª�RSv¤TBvMY`WaV=z�V�L�O5TBv¤KMWPOQ}tVwTBVb¯§l�°�±%l�o�®¾F
�
5 3 �M�.- �(+ ) +b�,+ > 3 3�$ ��� > �.�?��� � WGV�[¢�([]OQ��z{Vw[]OQ}]Nah@OQV=z�V=L�O �B}]RS�B}tV�TBI@KMLBNGO �BY�} WZYX}]V=�B}]I=[tV�L��
O^Y�OQNaR�L0ª

A
>
B
>
C
V@O
D
® SI=}tNPKMVÁx

�
D = 0

ª�[¢OQ}]Nah�OtV=z�V=L�O��i}tRS�B}]V�®:>
�
C(sI − A)−1B

\ z�NaLiNaz§vBz TBVX�B|MY`[tVyª?�MY�[;TBVN]=I�}tRS[;NaLB[¢O^Y�_BWGV=[Q®�>
� LiRSz\_B}tVuI=�SY�W�T2��V�L�OQ}]I=V�[wV�O�TiVc[]RS}]OtNaV=[�F

� ) �S� ��	�� )('*) ��� ) � ) ����� &�)�� ¦7Y �i}tR(h=I�TBvB}]VcTBVc[¢�(L�OQ|i�=[tV§¦�¨ �b© ¦  � h=RSLB[]Na[¢OQVL\9x
> � � �(L�OQ|iI�OQNG[tV�}�> TMY�LB[{viLBV¹�B}tV�z{NG�=}tVUI�OQY�� V(> WGV�h�RS}t}]V=h�OtV=vB}y¦�¨ �MY`}{viLºh¾|iRSN � Y����

�B}]RS�B}tNGI¤TBV�[ � RSLBTiI=}QY�OQNaR�LB[
Qx

V@O
R

RS_ I=NG[t[tY�L�O Y�v � V � Na�SV�LBh=V�[�Tiv�h�Y�|BNGV=}\TBV�[ h^|MY�}]�SV=[�F
¦�V=[�Y�[]��V�h�Ot[�TBVJh=V@OtOQVJ�B}tV�z{NG�=}]Vw[]�(L�OQ|B��[tVuh=RSLih=V=}]LBV=L�O9WaVwh�RSz�� RS}]OtV=z�V=L�O _MY�[][tVJ¬?}]I=��vBV=Lih=V
TBV�[ `Y`WaV�vB}t[ []NaLB��vBWaNG�=}]V=[\TBv�OQ}tY�LB[¢¬?V=}]O

−Kc (sI − A)−1 B
>ÁWaV=[\¬?}tI���vBV=LBh�V=[{TBVUh�RSvB�Bvi}tV=[

h=R�}t}tV�[t� RSLiTMY�L�OtV=[ > W ��YA/2Y�NG_BWGNP[t[tV�z�V=L�O9|MY�v�OQVu¬?}tI��(viV=LBh�V(> V@OQh FGFPF
A � H%Y�LB[uviLBV,[tV�h=R�LBTBV I@O^Y�� VA>�\¤�BY�}]OtNa}wT
��viL }tI��SWZY���V§LBRSz�NaLBY�W

Wx0

V@O
V0

TBv�KMWGOt}tV
TBV\¯§l�°(±%l�o >BRSL�Y�vB�Sz�V=L�OQV�}QY,WaVu�MY`}QY�z���Ot}tV

q
TBv�LBRSv�SV�Y�v¹}]I=�SWaY��SVÁx

Wx = Wx0 + qBBT , V = V0

�;I=�SvBWaY`OQNGRSLµ¦�¨ © ¦�¨ � »M¼¾½�¿ �6C@Â@Ã¾Ä
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. vB[]��v
�W\ch=V���vBVwWGV9OQ}tY�LB[¢¬?V=}]O TBV�_ RSvBh�WaV
K(s)G(s)

TBv{h�RS}t}]V=h�OtV=vB} ¦�¨ � }tV�h=R�vi(}tV(>([]vB} vBLBV
_MY`LBTBVXTBVu¬?}tI=��vBV�LBh=Vb[]v��[QY�z�z�V=L�O;WZY�}]�SV(>iWGV%OQ}QY`LB[]¬?V�}]O�TBVX_ RSvBh�WaVuTBVX}tV�OtRSvB}9T
��I@O^Y`Ow¦�¨ x

lim
q→∞

K(s)G(s) = −Kc(sI − A)−1B .

� ) �S� ��	
� )('0) � � ) � +=� ���.� )W�
> � � �(L�Ot|BI�OtNa[tV�}5WaV�KBWGOQ}]VwTiVc¯§l�°(±%l�o�V=L¤z{Y�LiNa�BvBWaY�L�O WaV�[ h=R�`Y�}]NZY�LBh�V=[

Wx
V�O
V
Y`KML

��vBVcWGV%OQ}tY�LB[]¬?V�}]O
−C (sI − A)−1 Kf

[tRSNPO;[tY`OQNG[]¬�Y�NG[QY�L�O`\,WZY\[tR�}]OQNGVuTBv�[]�([]Ot�=z�V�F
AI� H%Y`LB[;vBLiVX[]V=h�RSLBTBVXI�O^Y`� V(>�\\�MY�}]OtNa}5T
�´vBLU}tI=��WZY��SVJLBR�z{NGLMY�W

Qx0

V�O
R0

TBvU}]V�OtRSvB}
T
�´I�OQY`Ow¦�¨ >MR�L¹Y�vB��z{V�L�OQV�}QY,WaVu�BY�}QY�z��@OQ}tV

q
TBv�LBR�viSV�Y�v¹}]I=��WZY��SVÁx

Qx = Qx0 + qCTC, R = R0

. vB[]��v
�W\ch=V���vBVwWGV9OQ}tY�LB[¢¬?V=}]O TBV�_ RSvBh�WaV
G(s)K(s)

TBv{h�RS}t}]V=h�OtV=vB} ¦�¨ � }tV�h=R�vi(}tV(>([]vB} vBLBV
_MY`LBTBVwTBV�¬?}tI=��vBV�LBh=VJ[tv��[QY`z{z�V=L�O5WZY�}]�SVA>�WGV;OQ}QY`LB[]¬?V�}]O5TBVw_ RSvih=WGVwTBv{KMWPOQ}tV�TiVc¯§l�°�±%l�o�x

lim
q→∞

G(s)K(s) = −C(sI − A)−1Kf .

¦7YJKM�SvB}]V;�iFsew�NG[tvMY`WaNa[]V5W �´V /�V�O TBv �MY`}QY�z���Ot}tV
q
ª?LBR�OtI

α
[tvi} WZYwKM�SvB}]V�®�[]vB} WaV5WaNaV�v\TBV9_BWaY�h+*

TBv���Y`NaLµTBVX_ RSvBh=WGV
K(s)G(s)

ª�}]V=h�RSvi(}tV�z{V�L�OwV�L¹V�L�OQ}]I=V�®@F

9 �	� ; 
 � �CB � "? ����� ���"�� F �$�  
� L�h=R�LB[tNGTB�=}]VcWGVu[]�([]Ot�=z�VcWaNaLiI�Y�NG}]V%TBNG[th=}]V�O�x





xn+1 = Axn +Bun +Mwn

yn = Cxn +Dun + vn
zn = Nxn

R � WaV=[c_B}tviNGOQ[
wn

V@O
vn

[tRSL�O§TBV=[§�B}]R(h=V�[t[tvi[,[¢O^Y`OtNaRSLiLMY�Na}]V=[XTBV{z{R��SV=LiLBVyL�vBWaWGV(>��B[]V=vBTBR2�
_BWaY�LBh�[;V�O�TiVcz{Y`Ot}tNGh=V%TBVXh=R�`Y�}tNaY�LBh�V

W ≥ 0
V�O
V > 0

x

E[wk v
T
l ] = Wδk−l, E[vk v

T
l ] = V δk−l, E[wk v

T
l ] = 0 .

ª���FsrS®

 RSvB[;h¾|iV=}th^|BR�LB[wvBLBVXWaR�N
TiVch�RSz�zyY�LiTBVu�MY`};}tV@OQR�vB};TBVX[tR�}]OQNGVu��vBN7z�NaLiNGz�NG[]V%WaVuh�}tNGOt�=}tVÁx

J = lim
N→∞

E

[
N∑

n=1

zTnQzn +
N−1∑

n=0

uTnRun

]
Q ≥ 0

V@O
R > 0,

ª��iFs³S®

TBR�LBhUviL �B}]RS_BWa��z�V¤TBVU}]I=�SviWZY`OtNaRSLK\�|BRS}tN0]=R�L�WGNa_B}]V ª?h=RSz�z�V¤TMY�Li[ WaV¤h=Y�[ h�RSL�OtNaL�v ®@FÁ¦7Y
[]RSWaviOtNaRSL,[=��Y��B�BviNaV;I=��Y�WGV=z�V=L�O�[tvB} WGV 3 ��������� 3 ) � ) + & 3�> � > ����� � >�h`��V�[]Or�M\2� TBNa}]V;vBL�KBWGOQ}]V;TiV
¯§l�°�±%l�o0V�O;vBL¹}]V�OtRSvB};T2��I@O^Y`O�V�[]OQNGz�IuRSv��B}]I=TBNPO�F
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	 � ��� ��� � ���������	�
��� ���
� � � � �� �%!$#���� ��� � ��� �����$� ���

� L¹TBNG[th�}tV@O?>MRSL�TiNa[]OtNaLB��vBVÁx
� W���I@O^Y`O;V=[]OtNaz�I

x̂n/n
\�W���NGLB[]OQY�L�O

n
h�RSz{��OQVXOtV=L�v TBVcWZY z�V�[tvB}tV

yn
V�OwWZY\`Y�}tNaY�LBh�VcTBV

W���V�}t}]V=vB}9T
�´V=[]OtNaz{Y`OQNGRSLUY`[t[tR(h�NaI�VÁx

Pe = E[(x̂n/n − xn)(x̂n/n − xn)
T ]

zyY`Ot}tNGh=V%[]�(z�I�Ot}tNa��vBV
n× n,

� W���I@O^Y`O,�i}tI=TiNGO
x̂n/n−1

\²W���NGLB[]OQY�L�O
n
. vB[]OtV�Y��Y�L�O WaY�z{V�[tvB}]V

yn
V@O�WaY `Y�}]NZY�Lih=VµTBV

W���V�}t}]V=vB}9TBVX�B}tI�TBNah@OQNGRSL�Y�[][tR(h=NGI=VÁx

Pf = E[(x̂n/n−1 − xn)(x̂n/n−1 − xn)
T ]

z{Y`Ot}tNah�V%[]�(z�I�OQ}]Na��vBV
n× n,

¦�V=[;I=��vMY`OtNaRSLi[;TBvUKMWGOt}tVuTBV\¯§l�°(±%l�o0V=L � &�� � '*)
3�) � '*> � ) ��� [���V�h=}tNPSV=L�OJY�WaR�}t[
x

x̂n+1/n = Ax̂n/n−1 +Bun +Kf (yn − Cx̂n/n−1 −Dun)
ª��iFGE�¶�®

x̂n/n = x̂n/n−1 +Ke(yn − Cx̂n/n−1 −Dun)
[tRSNPO;V�LBh=R�}tVÁx

x̂n/n = (I −KeC)x̂n/n−1 −KeDun +Keyn
ª���FGE�E.®

Y��V=hÁx
Kf = AKe

��Y�NGLUTBVX�B}]I=TBNGh�OtNaRSLF> ª���FGE�eS®
Ke = PfC

T (CPfC
T + V )−1 ��Y�NGLUT
�´V=[¢OQNGzyY`OtNaR�L^> ª���FGE���®

Y��V=h
Pf

[]RSWav�OQNaR�LµTBVcW���V���vMY`OtNaRSLµTBV\�X�C���
li�7��TBNG[th=}]��OtV x

Pf = APfA
T − APfC

T (CPfC
T + V )−1CPfA

T +MWMT ª���FGE=~�®
� L¹Y�Y`WaRS}][
x

Pe = (I −KeC)Pf
ª���FGE�¥S®

� )('*> � � � ) � V�L¹�B}]I=[]V=LBh�V§TiVc_i}tvBNPOQ[9h=RS}]}tI=WGI=[;V�L�Ot}tVXW �´I=��vMY`OtNaRSLµT
��I@O^Y`O;V�O�TBVXz�V=[tvi}tVÁx

E[wkv
T
l ] = Tδk−l

WaV�[yI��(vBY`OQNGRSLB[¤�iFPE�¶6> ��FGE�EE> �iFPE��0V�Oµ�iFPE.¥ [tR�L�O¤NaLih¾|MY`LB�SI=[yV@O¤WaV=[{I=��vMY`OtNaRSL �iFPE.e V�Oµ�iFPE�~
TBV@�NGV=LBLiV=L�OJ}]V=[]��V�h�OtNGSV�z{V�L�O�x

Kf = AKe +Kpc
Y�SV�h

Kpc = T (CPfC
T + V )−1 �SY�NaLµTBVJ� �B}]I=TBN � h�RS}t}]V=h�OtNaRSL(¡">

Pf = FPfF
T−FPfC

T (CPfC
T+V )−1CPfF

T+MWMT−TV −1T T Y�SV=h
F = A−TV −1C .
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¦�VX��Y�NGLUTiVc}]V�OtRSvB};T
�´I�OQY`O�[���I�h=}tNPO�x
{
Kc = (R +BTPcB)−1BTPcAY�SV�h

Pc = ATPcA− ATPcB(R +BTPcB)−1BTPcA+NTQN
.

ª��iFPE���®

� L�}]V�Ot}tRSviSVXvBLBVXTivMY�WaNPOQIJ�MY�}]¬�Y`NGOQV%V�L�Ot}tVXh=V�[�I=��vMY�OQNaR�LB[;V@O�WaV�[9I=��vMY`OtNaRSLB[9TBVX�B}]I=TBNGh�OQNGRSLB[
�iFPE.e�\¤�iFPE�~BF � Y�}J}QY��i� RS}]OuY�v²h=Y�[%h=RSL�OQNGL(v^>�RSL�� V=viOuTBNG[]OQNGLB�SvBV�}JTBV�v � ¬?R�}tz�V=[JT
�´Naz��BWZY`L��
OQY`OQNGRSLµTBv�h=RS}]}tV=h@OQV�vB}w¦�¨ � TBNG[th=}]V�O�xMWaY\¬?RS}]z{V%�B}tI�TBNah@OQV�vB};V�O�WaY\¬?RS}]z{V%V=[¢OQNaz{Y`OtV=vB}�F

� ����� � � ��� � � � ��� !$��� � �"�$��� 	

� L�}tV@OQRSvi}tLBVXWaV�[;I@O^Y`Ot[;�B}tI�TBNGOt[;TMY�LB[;WaVu�SY�NaL
Kc

x

un = −Kcx̂n/n−1,

h`��V�[]Oa�=\2� TiNa}tVu��vBVX� RSvB};h=Y�Wah�vBWaV�}9V@OwY��B�BWGNa��vBV=}�WZY\h=RSz�z{Y�LBTBVN\,W �´NaLi[]O^Y`L�O
n
RSL�LiVch�RSLBLMY��aO

�MY`[
yn
FM¦�Y,}tV��B}tI�[tV=L�O^Y�OQNaR�L¹T
�´I�OQY`O�TBv�h�RS}t}]V=h�OtV=vB}�[���I�h=}]NGOwY�WGRS}][�x
[
x̂n+1/n

un

]
=

[
A−BKc −KfC +KfDKc Kf

−Kc 0

] [
x̂n/n−1

yn

]
.

ª��iFPE.dS®


5V@OtOQVX}tV=�i}tI=[]V=L�O^Y`OtNaRSL�V=[¢OJY`LMY�WaR��SvBV \ h�V=WaWGVuRS_iOtV=L�vBVcTMY`LB[;WaVuh�Y`[�h�RSL�OtNaL�v
F

� ������� � ��� � � � �$� �"� � � �"�$� � 	


5V@OtOQVu¬?RS}tz�VuV�[]O��BWavB[9vB[tviV=WaWGV�F � L�}tV@OQRSvi}tLBVXWaV�[;I@O^Y`OQ[;V�[]OtNaz�I=[
x

un = −Kcx̂n/n,

h`��V�[]Oa�=\2� TiNa}tV;��vBVwW ��RSL{h�RSLBLMY �GO
yn

Y�v{z{R�z{V�L�O TiVwh�Y`Wah=viWaV=}�V@O5T2�sY��i�BWaNG�(viV=} WaYXh=R�z{z{Y�LBTBV`F
� LUW��sY�_i[tV=Lih=VuTBV%Ot}QY�Li[tz�Na[t[]NaRSLyTBNG}tV=h@O

D
ª���vBN
Y�WaR�vB}tTBN h=RSLi[tNaTiI=}QY`_BWaV�z{V�L�O�WaV�[�LBR�O^Y�OQNaR�LB[^®:>

WaY,}]V=�B}]I=[tV�L�OQY`OQNGRSL�T
��I@O^Y`O�Tiv¹h�RS}t}]V=h@OQV=vi}�[=�´I=h�}tNGOwY`WaRS}][
x
[
x̂n+1/n

un

]
=

[
(A−BKc)(I −KeC) (A−BKc)Ke

−Kc(I −KeC) −KcKe

] [
x̂n/n−1

yn

]
.

ª��iFPE�r�®

� Y�} }QY`�B� RS}]O \uWaYJ¬?RS}tz�V9�i}tI=h�I=TiV=L�OtV(>(R�L�h�RSLB[]OQY`OQV;��vBV;h=V;h=RS}]}tV�h�OQV�vB} �i}tI=[]V=L�OQV�vBLBV9OQ}tY�LB[M�
z�Na[][tNaR�LµTBNG}tV�h�OtVXV�L�OQ}]V

yn
V�O
un
F � Y�NG[9TMY�Li[;WaV�[9TBV=v � h=Y�[�>BWaV%�B}tNGLBh=NG� VuTBVu[tI=�BY�}QY�OQNaR�LUV=[¢O

SI�}tNGKBIÁxMWaV=[
2n

`Y�WaV�vB}t[9�B}tRS�i}tV=[;TBVXWZY\_ RSvBh�WaVu¬?V�}tz�I=VX[]RSL�O7x
� WaV=[

n
`Y`WaV=vi}t[��B}tRS�i}tV=[9TBvµ}tV@OQRSvB}�T
�´I�OQY`Ocª�[t� V�h

(A−BKc)
® ��vBN
[tR�L�O9NaLBRS_i[tV=}¢`Y�_iWaV=[

�MY�}9W �´NaLBLBR�`Y`OtNGRSL
εy = yn − (Cx̂n/n−1 +Dun)

F
� WaV=[

n
`Y�WGV=vB}][Á�B}]RS�B}]V=[ÁTBv\KBWGOQ}]V5T
�´V=[¢OQNGzyY`OtNaRSL¤ª?[t� V=h

(A−KfC) =
[]� V=h

A(I−KeC)
®

�(viN7[]RSL�O�NGLB�SRSv�SV=}tLBY�_BWaV�[;�BY�}
en

ª�WGVu[tNa��LMY�W
TiVch�RSLB[]Na�SLBVu[tvB}
un
®�>
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¦�V=[�TBV�v � h�RS}]}tV=h@OQV�vB}t[;�iFPE.dbV@O;�iFPE�r6>(_BNaV�Lµ��v
�´NGWa[5[]RSNaV�L�O�TBN /2I�}tV�L�OQ[ >iTBR�LBLBV=L�O9WaV=[
2n

z �=z�V
`Y`WaV=vi}t[X�B}]RS�B}tV�[cV=L _ RSvBh�WaV\¬?V=}tz�I=V`F 
5V�h=N�V=[¢ObNGWaWGvi[]OQ}]I,�BY�}XW���V � V�}th�Nah�V{�iFs¥�F��iF � LiKML^>�TMY�LB[
WaV�[;TBV�v � ¬?R�}tz�V=[ >BW �´I�O^Y�O;TBv�h=R�}t}tV�h�OQV�vB}�h�RS}t}]V=[t� R�LBT�\ W �´I@O^Y`O9�B}tI�TBNGO;V�O�LiRSL�V=[¢OQNaz�I�F

� )('*> � � � ) � L§}tI��SNaz�V�� V�}tz{Y�LBV�L�O�>.RSLb� V=viO�TBRSLBh Naz��BWaY�L�OQV�}�WaV�h=R�}t}tV�h�OtV=vB}�¦�¨ � TBNa[]h=}]V�O
�MY�}9[QY }tV=�i}tI=[]V=L�O^Y`OtNaRSL�T
�´I�O^Y�O�F H%Y�Li[�WaVuh�Y�[;LBRSL�[]OQY`OQNGRSLBLMY�NG}tV%R�v¹V�L¹}]I=� RSLB[]VcOt}QY�Li[tNGOtRSNa}]V
\ WaY,h�RSLBTiNGOQNGRSLµNaLBNPOQNaY`WGVÁx

x̂0/0
V@O

Pe0,
ª��iFGE�³�®

WaV�[�I=��vMY�OQNaR�LB[�T2��NGz{�BWaY�L�O^Y�OQNPRSLcTBV WZY�h=R�z{z{Y�LBTiV []RSL�O�h=V�WaWGV=[�Tiv§KMWPOQ}tV TBV�¯§l�°�±%l�o¤TBNa[]h=}]V�O
LBRSL�[¢O^Y`OtNaRSLiLMY�NG}tVÁx





x̂n+1/n = Ax̂n/n +Bun
� }]I=TBNGh�OQNGRSL

x̂n+1/n+1 = x̂n+1/n +Ken+1(yn+1 − Cx̂n+1/n) Correction

un+1 = −Kcn+1x̂n+1/n+1

ª?RSv
−Kcn+1x̂n+1/n) Commande .

ª���Ffe`¶�®

Y��V=hwWaV�[ I=��vMY�OQNaR�LB[ TiVw�B}]RS�MY��SY`OQNGRSL TBV=[ h=R�`Y�}]NZY�Lih=V�[ V�O TBv{��Y�NGL���vBN []RSL�O NaLiTBI=� V�LBTMY�L�OQV=[
TBV

yn
V@O�� V=v�SV=L�OwTBRSLih �@OQ}tVXNGL�OQI��S}]I=V=[;|BR�}t[;WaNG�SLBVÁx





Ken = Pf nC
T (CPf nC

T + V )−1

Pf n+1
= APenA

T +MWMT

Pen = (I −KenC)Pf n .

ª���Ffe(E.®

9 ��� ���  F �  �  "
� �����
	 ����� �
	 � � �� ��%� � ��� � � � � � �

� L�h=R�LB[tNGTB�=}]VcWaVu[¢�([]OQ��z{VcTiv¹�B}]V=z�NaV�}9RS}]TB}tVÁx

Y

U
(s) = G(s) =

s

1− s

ª���Ffe�eS®

� TiRSLBLBV�}�vBLBV;}]V=�B}]I=[tV�L�OQY`OQNGRSL�T
�´I�OQY`Owª
A
>
B
>
C
>
D
®�TBv []�([]Ot�=z�V�V�O�h�Y`Wah�vBWaV�} WGV9}]V�OtRSvB}

T2��I@O^Y`O
Kc

[tR�WaviOtNaRSLµTBv��B}]RS_BWG�=z�VX¦�¨ \ I�LBV=}]�SNaVuz{NGLBNGz{Y`WGVA>
� h=Y�Wah�vBWaV�}XWGV ��Y�NGL TBV gXY�WGzyY`L

Kf
V�L0¬?RSLih�OQNGRSL TiV

ρ
x�WZY¤`Y`}tNZY`LBh=V TBv0_B}tvBNPOcT
�´I�OQY`O

ª
E[w(t)w(t)T ] = ρδ(t)

®
�
WGV�`Y�}]NZY�Lih=V Tivc_B}]vBNGO
TBV z{V�[tvB}]V�I@O^Y�L�O7vBLiNGO^Y`Na}tV9ª

E[v(t)v(t)T ] =

1
®@F

� h=Y�Wah�vBWaV�}JWZY{¬?RSLih�OQNGRSL�TBV\Ot}QY�LB[¢¬?V=}¢OXTiv h=RS}]}tV�h�OQV�vB}uV=L²¬?RSLih�OQNGRSL�TBV
ρ
F�¨%vBV=WGWaV§V�[]OXWZY

�BY�}]OQNGh=viWZY�}]NPOQIwTBVuh�Vuh=RS}]}tV=h@OQV�vB}��\¨%viVuTBV�(NGV=L�O�WaYb¬?RSLBh@OQNaR�LµTBVJOQ}QY�Li[]¬?V=}¢O;TivUh=RS}]}tV=h:�
OtV=vB};WGRS}t[]�(viV

ρ
OtV=LBTi[;SV=}][wW��´NaLiKMLiN ��F � L�LBR�OtV=}tY

KLTR
h�Vch�RS}t}]V=h@OQV=vi}=F

� Ot}QY�h�V=}9WaV�[9WaNGV=v � TBVbo
k��Án�� ���²TBV
Kc(sI −A)−1B

V�O
KLTRG(s)

F 
5R�LBh=WGvB[tNGRSLB[9[tvi}
WGV=[9�B}tRS�i}tNaI@OQI�[;TBVX}tV�h=RSvi(}]V=z�V=L�O �SF
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� L }]V=�B}]V=LBT NGh=NJW �´V � V=}]h=NGh=V [tvi}UWZY�h=RSz�z{Y�LBTBV²¦�¨ ª?SR�Na}¤[tV�h�OQNGRSL e�F´~BFPE.®y��vBV W �´RSL
h�RSz{�iWa�@OQV �MY�}�WaYw�B}tNG[tV5V=L,h�RSz��iOQV5TiV�W �´I=��vMY�OQNaR�L§TBV�z�V=[]vB}tV�V@O TiV=[Á_B}tvBNPOQ[�[tvB}ÁWGV5[¢�([]OQ��z{V

�[]RSNGO�x
ẋ(t) =

[
0 1

0 0

]
x (t) +

[
0

1

]
u (t) +

[
0

1

]
w (t)

ª��iFse���®

y(t) =
[
1 0

]
x (t) + v (t)

ª���Ffe�~�®

z(t) =
[
1 −1

]
x (t)

ª��iFseS¥S®
RED

w (t)
V@O
v (t)

TBI�[tNG�SLBV=L�O�TBV=v � _B}]vBNGOt[9_BWZY�Lih=[;NGLBTBI�� V=LBTMY`L�OQ[ > TBVXz�R.�SV�LBLBVXL�vBWaWGVuV@O�TBV
`Y`}tNZY`LBh=V

E
[
wwT

]
= α2, E

[
vvT

]
= 1 .

� []�(L�Ot|BI�OtNa[tV�}�WaVu}tI��SvBWaY`OQV�vB}9z�NaLBNGz NG[QY`L�O9WGVuh=}]NGOQ��}tVÁx

J = lim
T→∞

E

[∫ T

0

[
z2 (t) + r2u2 (t) dt

]] ª��iFfe`��®

� ¬�Y�Na}]VuWGVu[th^|BI=z{Y,¬?RSLBh@OQNaR�LBLBV=W
TiVcWaY,_ RSvih=WaV%¬?V=}]z{I�V{ª�[¢�([]OQ��z{V � }]I=�SviWZY`OtV=vB}Q®�>
� TBI=z�RSL�OQ}tV�};WaY,�B}]RS�B}tNGI�OtIc¦  �0x

lim
α→∞

K(s)G(s) = −Kc(sI − A)−1B.
ª��iFseSdS®

� [tRSvB[��¹Y`OQWaY�_^>�SI�}tNPKMV=}5h�V�OtOtV%�B}]RS�B}tNGI�OtIJ[tvi}�WGVwWaNaV�vyTBV�(5WaY�h * ª?TMY�LB[5WaVwh=Y�[
r = 1/2

®@F

� � � � � ����� ������� � � �

� L�h=R�LB[tNGTB�=}]VcWGVuz{R(Ti�=WaV%TBNG[th=}]V�O�[]vBNG`Y`L�O§ª?NaW2[=��Y��SNPO;T
�´vBL�NaL�OtI=�S}tY`OQV�vB}^®�x
{
xn+1 = xn + un + wn

yn = xn + vn

RED
wn

V@O
vn

[tRSL�ObTiV=[c_B}]vBNGOt[XT
�´I�OQY`OcV@ObTiV�z�V=[]vB}tV LBRS}]zyY�WGNG[]I=[�ª?h=V�L�OQ}]I=[�>7NGLBTBI=� V�LBTMY�L�OQ[
V@O,TBV{`Y�}]NZY�Lih=VyvBLBNPO^Y�NG}tV�®@F � L []RSvB|MY`NGOQV{h�Y�WGh=vBWGV=}bWaY¹h=RSz�z{Y�LBTBVy¦�¨ � ��vBN5z�NaLBNGz NG[tV�WaV
h�}tNGOt�=}]V x

J = lim
N→∞

E

[
N∑

n=1

x2
n +

N−1∑

n=0

u2
n

]


�Y�WGh=vBWGV=}ÁWaV�[ ¬?RS}]z{V�[�� �i}tI=TiNah�OtV=vB} ¡9V@OÁ� V�[]OtNaz{Y`OQV�vB}¢¡5h=R�}t}tV�[t� RSLiTMY�L�OtV=[ \Xh�V;�B}tRS_iWa�=z�V�F  }QY2�
h�V=};V�O�h�RSz{z�V=L�OQV�}9WaV�[;TBNaY��S}QY`z�z�V=[�TBV��wp � �¹TBV�[�TBV�v � h�RS}t}]V=h@OQV=vi}t[=F

�;I=�SviWZY`OtNaR�LU¦�¨ © ¦�¨ � »M¼¾½@¿ À ��Â¾Ã@Ä
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 0.1699   

 0.4081   

 1.168    

 4.747    

 22.79    
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α=1
 α=1000
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687:9;7=<>7@?BADC><FEHG>7@CFEHIKJ�LNM,OQPSRUTWVXGZYN<([\7]G^C><FY h C>YN<ZM_6a`cb h IKJNGZEdGZCFMfe:MDgh9N[HIKEHCFM�<i[dM

9N<ZEdJ h Ed9�MjLNM2GZA�9;7=<F7@C>EHIKJkA�JNIKJ h A29;7=lKMnmKo)pq[dMrC><>7@JNGZstM&<ZCSM�JuC><FM2[d7 h I=JNGFEHlKJNM
e
MDCv[xwyEHJNJNI{z@7@CFEdI=J

εy
A&C>7=JWCSJ|YN[x}@I=JQ9�M&Y~Cv<FM���I=Y h [HM�< h M)C><F7=JNGZstM&<ZCSGFYN<SJ�w�Ed?�9�IK<^C>Mj�WYNM&[N9;7@<>7=?��&CF<FM

Q(s)
GZC>7=�N[HM

� L~EHCj9;7@<>7=?��&CF<FM�LNM�O�PSRaT|VU�vGFM�[HIKJ�[\7��;lKYN<ZM��~�H��G>7=JNG)�WYNM h M�[d70JNM�9�M�<^C>YN<F��M h M�C><F7=JNG^stM�<ZC��
� M&CZC>MiC>M h�� JNEd�WYNM�9�M&<F?�M&CQLNM�9N7=<>7@?BADC><FEHGFM&< � 7�zKM h C><ZIKEHGk9;7=<>7@?B�DC><FM&G�p

Kc

}
Kf

MDC
Q(s)

�
[�w�M�J~GFM�?��~[dM�LNM&G h IK<Z<FM h C>M&YN<FG�GZC>7=�NEH[dEHG>7=JuCn[HM�GZ�|GZCF��?�M=�

�F�����
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e=0
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Retour d’état

Estimateur

paramètre Q

Système
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+

+

+
+
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� IKJ~GFEdL~A�<FI=JNGj?B7=EdJuC>M&J;7=JWC YNJBGZ�|G^C>��?�M�L�w�IK<FLN<ZM

n
�WYNM�JNIKYNGrGFY~9N9�IKGFM&<FIKJ~G)G>7=JNGr9�M�<ZCFM

LNMclKA&JNA�<F7=[HEHC>A¹GZCF<FE h C>M&?BM&JWC19N<ZIK9N<FMSp
{
ẋ = Ax+Bu,

y = Cx
,

� �N�·� �

MDC�YNJ h IK<Z<FM h C>M&YN<�L�w�IK<FL~<FM
n
p
{
ẋK = AKxK +BKy

u = CKxK +DKy
.

� �N� mK�

')(+*-,/.10�24365jC><ZIKY~zKM&<�[HM�G � 9;7=<>7@?B�DC><ZM�G
Kc

}
Kf

MDC
Q
� GZC>7@C>EH�|Y~M h 7=<�[HM�GZ�|G^C>��?�M�MDC�[dM

h IK<F<ZM h CFM�YN<�IKJWC�[dM�?87�?�M�I=<FLN<FM���CFM�[HG��WYNM�[HM h I=<F<FM h CFM�YN<56a`cb A&�WYNEHz@7@[dM&JWCcL~A&�;J~Ev9;7=<¹[dM&G
A&�|YN7@C>EHIKJNG�p

{
˙̂x = Ax̂+Bu+Kf (y − Cx̂)

u = −Kcx̂+Q(y − Cx̂)

� �N� � �
GZIKEHCnA��WYNEHzq7=[dM&JWC�7=Y h I=<F<FM h CFM�YN<��~� m�LNY�9�IKEdJuC1LNM�z|YNM5L~Y h IK?�9�IK<ZCFM�?�M�JWCnM�JWCF<FA&M{Ñ@GZIK<ZCFEdM@�
9 *-.;:=<+>1*-?@5¼M�[H[dM h IKJNGZEdGZCFM�e h 7=[ h YN[HM�<�[d7�?B7@C><ZE h McLNM09;7=GZG>7=lKM

T
M�JuC><FM0[dM�G�LNM�Yhg <FM�9~<FA�GZM�JBA

C>7@C>EHIKJNGn�~� m�M&C��~� � p
xK = T x̂ .

� �~�y�W�
C J�9�M&Y~C�?�IKJuC><FM&<n�WYNM

T
M&GZC�GFIK[HY~C>EHIKJ�LNMc[�w�A��WY;7@CFEdI=J(LNMEDc³GF=F�VH�8³ � b)IKJ¹ÐKLr� p

[−T I]

[
A+BDKC BCK

BKC AK

] [
I

T

]
= 0

� �~�NMK�

LNI=JWCr[d7�?�7qC><FE h M � 7=?�Ed[·CFIKJ~EHM�J~JNMnM�G^Cj[\7¹?�7@CF<FE h M2L~�|J;7=?�Ed�WYNM1M&JB��IKY h [dMnstM&<F?�A�M
Acl

� � M&CZC>M
A&�|YN7@C>EHIKJ 9�M�Y~C¹7=[HIK<FG"7&CF<FM0<FA&GFIK[HYNM59;7=<�[\7�<FM hÄ� M�< h�� MkL�wyY~J GZIKYNG�M�GF9N7 h MkEHJWz@7=<ZE\7=JuC�7@GFGFI h EdA
eQYNJ�M�JNGZM�?��N[HMcLNM

n
z@7=[HM�YN<ZG19N<FIK9~<FM�GPO h w�M�G^CQA e+A LNEH<FMSp

¸ <FM h�� M&< h�� M�<jYNJ�GZIKYNGRA M�GZ9;7 h M�EHJWzq7=<FEd7=JWC �
S = S ? (U)

�SLNM1LNEH?BM&JNGFEHIKJ
n
LNM�[d7�?B7@CF<FE h M

Acl
};GZIKEHC¼p

AclU = UΛ .
� �N� � �

� M¹GZIKYNGTA M�GZ9;7 h M�M&GZCn7=GZGFI h EHA¹e0YNJiM&JNGFM&?��N[dM�LNM
n
z@7=[HM�YN<ZG)9N<ZIK9N<FM&G�}hGZ9�M h

(Λ)
}|9;7=<F?�E

[dM�G
2n

z@7=[dM&YN<FG19~<FIK9N<ZM�G1LNM
Acl

�
¸ 9;7=<ZCFEHCFEdI=JNJNM�<$[HM�GSzKM h C>M&YN<FG

U
�WYNE;M&JNlKM�J~LN<FM&JWC h M1GFI=YNGRA M�GF9N7 h M�LNMn[\7�sÂ7VU&IKJ�GFY~EHz@7@JWC>MSp

U =

[
U1

U2

]
, U1 ∈ R

n.
� �N� oK�

¸ h 7=[ h YN[HM�<n[d7QGZIK[dYhC>EdI=Jcp
T = U2U

−1
1

�
Ð1A�lKY~[\7@CFEdI=J(6a`cÑ=6a`cb Ò;ÓÄÔDÕvÖ ��ØÄ×DÙ
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6¼M�G � 9;7@<>7=?��&CF<FM�GnGFIKJuC�7=[dI=<FG h 7=[ h YN[HA�Gn9;7=<n[dM&G1<FM&[\7@CFEdI=JNG2GFYNE·z@7=JuC>MSp
¸
Q = DK

}
¸
Kc = −CKT −DKC

}
¸
Kf = T−1BK −BDK

�
	 3�2�
 (�P:�3�� 5
� h MDCFC>M¹C>M hÄ� JNEd�WYNMc9�M&Y~CQA 7&CF<FM�lKA�J~A�<>7@[dEHGFA�M�7=Y|g h 7=GnLNM�G h IK<Z<FM h C>M&YN<FG1L�w�IK<ZLN<FM�GZYN9�A�<ZEdM&YN<nIKY

?87��H?�M0EHJ~stA&<FEdM&YN<�eB[xwyI=<FLN<ZM0L~Y ?�I|LN��[HM=�¶68M0[dM h CFM�YN<�GFM0<FM�9�I=<ZC>M&<>7�7=Y h�� 7=9NE·C><ZM��BLNM
[d7Q<ZA&stA&<FM�J h M��ª���¼9�IKYN<n9N[dYNGnLNMcLNA&C>7=Ed[HG�}

� [\7,<FA&GFIK[HY~C>EHIKJ LNM([�w�A��WY;7@CFEdIKJ LNM Dc³GF=F�VH�8³1�~�NM sÂ7@EHC�7@9N9;7=<F7��dCF<FM�YNJ~M h IK?��NEHJ;7@CFIKEH<FMiLNMGZIK[dYhC>EdI=JNG1GFM�[HIKJ [dM h�� IKEªg�LNM&G
n
zq7=[dM&YN<FG�9N<FIK9~<FM�G�9;7=<Z?BE¼[HM�G

2n
zq7=[dM&YN<FG�9N<FI=9N<FM&G�LNM

Acl

L;7=JNG�[dM h 7=[ h YN[jLNY:GFIKYNGTA M&GF9;7 h M(EdJuz@7=<ZE\7=JuC�� � M&CFCFM h I=?��NEdJ;7qC>IKEH<ZMBLNMiGFI=[dY~CFEdIKJNG
9�M&Y~CQA 7&C><ZMc<FA�L~YNEHCFMcGFM&[dIKJ([dM&G h I=JNGFEHLNA�<F7@C>EHIKJNGnGFYNE·z@7=JuC>M&G¼p
¸ h�� IKEdGZEd<kYNJNM(M&JNGFM&?Q�~[dM�LNM

n
zq7=[dM&YN<FGQ9N<ZIK9N<ZM�G�7=YhC>I A h IKJ�ZY~lKA�M&G�9�IKY~<�C><FI=Y~zKM�<

YNJNMc9;7=<F7=?BADC><ZEdG>7qC>EHI=J�<FA&M�[H[dM=}
¸ [dM&G

n
zq7=[dM&YN<FG�9N<FIK9~<FM�G h�� IKEdGZEdM&G�} 7=GFGZI h EHA�M�G�7=Y,GFI=YNGRA M�GF9N7 h MQEdJWzq7=<FEd7=JWC�9�IKYN<�[dM

<FA&GFIK[HY~C>EHIKJ�L~M��~�NMh} h IK<F<ZM�GF9�I=JNLNM�JuCnec[\7cLh�hJN7=?�Ed�WYNM�LNM h I=?B?B7=JNL~M � GZ9�M h
(A−

BKc)
�Ä}

¸ YNJNMczq7=[dM&YN<19~<FIK9N<ZM5EHJNlKI=Y~zKM�<ZJ;7=�N[HMcLN7=JNG�[HM�GZ�|GZCF��?�M0LNI=EHC1LNI=J h 7DC><ZMcC>I=Y�ZIKYN<ZG
GFA&[dM h C>EHIKJNJNA&McL;7=JNG h M hÄ� IKE·g }

¸ YNJNM¹z@7@[dM�Y~<29N<FIK9~<FM�EHJNIK�NGZM�<^z@7=�N[HM¹L;7=JNGn[HM¹GZ�|G^C>��?�McJNM�L~IKEHC��F7=?B7=EHG 7DC><ZM�GFA&[dM h A
C>EHIKJNJNA&McL;7@JNG h M h�� I=E·g }

¸ M�J~�NJ�}=IKJ hÄ� IKEdGZEHC h IKY~<>7=?�?BM&JWCU[\7�L~�|J;7=?�Ed�WYNM)L wyM&GZC>EH?B7@C>EHIKJ � GZ9�M h
(A−KfC)

�
9N[dY~G1<>7@9NEdLNM��WYNMc[\7�L~�|J;7=?�Ed�WYNM�LNM h IK?�?�7@JNLNM � GF9�M h

(A−BKc)
�Ä�

����� ��%�&8/2! ��&�! *�!S3	&8#�!8��+"!
6¼Mi9N<FEHJ h EH9;7=[rEdJuC>A&< 7&C�LNMi[\7 GZCF<FY h C>YN<ZM(6U`cb <FA�GZEdLNMiLN7=JNG�[dMBsÂ7=E·Ck�|Y~M�[dM&Gkz@7@<FE\7@�N[dM&G

L�w�A&C>7@CaL~Y h I=<F<FM h CFM�YN<8IKJuC8YNJ5GFM&JNGa9 � �|GFEH�|Y~MrA&z|EdL~M�JuCa9NYNEHGF�WYNM h M GZIKJWC8[dM&G¼M�G^C>Ed?�A�G¼L~M�G8A&C>7@C>G
LNY,GZ�|GZCF��?�M h IK?�?B7=JNLNA@} 7=[HIK<FG��WYNMQ[HM�G¹ADC�7qC>G¹L�w�YNJ h IK<F<ZM h CFM�YN<�EHGFGZY,L�wyY~JNMQGZ�|JuC � �&GFM

H∞IKY�L�wyY~JNM
µ
A G^�hJuC � �&GFM0J�wyI=JWC�9N7=G�LNM5GFEHlKJNE·� h 7qC>EdI=J(EH?B?�A&LNEd7@CFM=�#"hE8[HM�Gnz@7=<ZE\7=�~[dM&G1L�w�A&C>7@C�LNY

?�I|LN��[HM)GFY~<v[HM��WYNM�[~M&GZC LNADzKM�[HIK9N9�A&M1[d7�stIK<Z?BM)6U`cb A��WYNEHzq7=[dM&JWCFMnI=JWCvL~M�GvYNJ~EHC>A&GS9 � �|GZEd�WYNM�G&}
7=[HIK<FG1EH[¼M&GZC�9�IKGZGFEH�N[dMcLNM0L~IKJNJNM&<�YNJNM5YNJNEHCFA59 � �|GFEH�|Y~M�e�CFIKYNG�[dM�G1lu7=EHJNG1�|Y~EaLNAD�;JNEHGFGFM&JWC�[dM
h I=<F<FM h CFM�YN<&�%$kwyI'& [xwyEHJWC>A&< 7DC¹LNM h MDCFCFM�C>M hÄ� J~Ed�WYNMQLNY,9�IKEdJuC¹LNMkz|YNMQLNM�[�w�Ed?�9~[d7=JuC�7qC>E·IKJ�LNM&G
h I=<F<FM h CFM�YN<ZG¼p

¸ Y~JNM�stIKEdG�[HM h I=<F<FM h CFM�YN<�GZ�|JWC � A&CFEdGZA�9;7=<QYNJNM�CFM h�� JNEH�|Y~M��WYNM�[ h I=JN�WYNM=} GZIKJ 9;7=GZG>7=l=M
GZIKYNG�[\7�stIK<Z?BMc6a`cbX9�M&<F?�M&CFCF<>7�LNMcz|EdGZY;7=[HEdGFM&<nM�J [dEHlKJNM¹IKY � IK<FG�[HEdl=JNM�YNJNM5M&GZC>EH?B7 A
CFEdIKJ�LNM�GjADC�7@CFGrLNY�G^�|GZC>�&?BM � zKIKEd<vGFM h C>EHIKJB�N���W�D�($�M�? 7&?BM@}u[�w�EdJ~E·C>EH7=[·EHG>7qC>EHI=J�LNM&GjA&C>7@C>G
L~Y h IK<F<ZM h C>M�Y~<�}�7@Y LNA&?�7=<Z<>7=l=M,LNM [�wy7=GZGFM�<^z|EdGFGZM�?�M�JuC IKY [dI=<FG�LNM&G h IK?B?�YhC�7@C>EHI=JNG
L~M�[dI=EdG0LNM h IK?�?B7=JNLNM@}UG�wy7=9N9NY~EdM�<F7 GFYN<�[dM&G�A&C>7@C>G�9 � �|GZEd�WYNM�G�LNY:GZ�|G^C>��?�M�9N<FEHG�M�J
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h IK?�9~C>M�L;7@JNG�[d7�?BI|LNA&[dEHG>7@CFEHI=J����UIKY �ZIKYN<FG19�I=YN<1LNM&G�<>7@EdGFI=JNGnL�wyEHJWCFM�<Z9N<FADC�7@CFEdIKJ�9 � � A
GFEd�WYNM0LNM�G�A&C>7@C>G�LNY h I=<F<FM h CFM�YN<&} h M&CZC>MkGZCF<FY h C>YN<FMkI�� <FM0A&lu7=[HM�?�M�JWC�LNM&G¹7=[HCFM�<FJN7@C>E·zKM�G
EdJWCFA�<ZM�GFGF7=JWCFM�G�GFY~<�[d7�sÂ7VU&IKJ�L wyEHJ�ZM h C>M�<1[HM�G h IKJ~GFEdl=JNM�G1L;7=JNG1[d7Q��IKY h [dM@}

¸ [\7�G^C><FY h C>Y~<FMB6a`5b sÂ7@EdGF7=JWC57@9N9;7=<F7��dCF<FM�[dMQ?BI|L~��[dM�LNY_G^�|GZC>�&?BM@}aEH[SGFM&<>7(A�lu7@[dM�?�M�JuC
9N[dYNG�7=EdGZA�L w 7=LN7=9~C>M&<i[HM h IK<Z<FM h C>M&YN<�7=Y�9�IKEHJWCBLNM�stI=J h CFEdIKJNJ~M�?�M�JuCi9N7=<�[d7_GFEH?B9~[dM
7=L;7=9~C>7@C>EHIKJ_LNY]?BI|LN�&[dM�GFYN9N9�I=GFA h IKJNJWY�� C J]9�M�YhCQA&lu7=[dM&?�M�JWC0M�JWz|EHG>7=l=M�<k[\7 9~<FEdGZM
M�J h IK?B9hC>M�LNM�JNIKJBA [dEHJNA�7@<FE·CFA�GQLNY�G^�hG^C>�&?BM GFE1M�[d[HM�G�GFI=JWCB?BI|LNA&[dEHGFA&M�G � G>7qC>YN<F7@C>EHIKJ
L�w 7 h C>EHIKJNJNM&YN<�}N9;7=<nMDghM&?B9N[HM{�Ä}

¸ M�J~�;J }hY~JNM�stIKEHGr[HM�?�I|LN�&[dM1LNYBGZ�|GZC>�&?�M�LNIKJNJ~A=}|[HM h IK<F<ZM h C>M�Y~<26a`cb M�GZC)M&JWCFEd�&<FM�?�M�JuC
LNA&�;J~E¼9;7=<2[dM�G2?�7@CF<FE h M&G2LNMclK7=EdJ~G2GZC�7qC>Ed�WYNM&G1L�w�M�G^C>EH?�7@CFEdIKJ�M&C1LNM�<FM&CFIKYN<nL wyADC�7@C��;68M&G
A&zKM�JuC>YNM&[d[HM�G�EHJWCFM�<F9�I=[\7@CFEHIKJ~G2LNM h IK<F<ZM h C>M�Y~<FG�M�JWCF<FMcLNM�Y|g�9�IKEdJuC>GnLNM�stIKJ h C>EHIKJNJNM&?BM&JWC
GFM�<ZIKJWC A&lu7=[HM�?�M�JWCv7=[H[dA&lKA�M&GSGFEN[xwyI=J h I=JNGFEHLN��<ZM h M&CZC>M19N7=Ed<ZM2LNMnlu7@EdJNG$GZC�7qC>Ed�WYNM&G 7=Y�[HEdM&Y
LNM�G��WY;7qC><FMc?B7@C><ZE h M�GnLNMc[d7Q<ZM�9N<ZA�GFM&JWC>7@C>EHIKJ�L�wyADC�7@C�L~Y h IK<F<ZM h C>M�Y~<��

��� � �¶4&4 � !P&¼!S3 &8#��k%
� C>EHCF<FMrL�w�MDghM�?�9N[dM@}@JNI=YNGS7{zKIKJ~GS<ZM�9N<ZA�GZM�JuC>A2�;l=YN<FM&GS�N� m�M&C$�N� � [HM�GU<FA&9�IKJNGFM&GvM&J���IKY h [HM

stM&<F?�A�M LNM&GaA&C>7@C>G8LNY5GZ�|GZCF��?�MrM&CaLNY h IK<Z<FM h C>M&YN<a<FM&[\7@CFEHstG¼en[�w�MDghM�< h E h M GFYNE·z@7=JuC � GFM h CFEdIKJ5�~�NMK� p
¸ [dIK<ZGF�WYNM h M h I=<F<FM h CFM�YN<jM&GZCjEd?�9N[d7=JuC>AnGZIKYNGrstI=<F?�M h IK?B9N7=lKJNM � IK<ZE
	&IKJWC>7=[dM h 7=JNI=JNEd�WYNM
� �;lKY~<FMc�N� mK�D}

¸ [dIK<ZGF�WYNM h M h I=<F<FM h CFM�YN<�M&GZC�Ed?�9N[d7=JuC>A¹GZIKYNG1stI=<F?�Mc6a`cb�A&�|Y~EHz@7=[HM�JuC>M � �;lKYN<ZMc�N� � �D�
S [ G&w 7@lKEHCjLNM�G)<FA�9�I=JNGFM&G1ekL~M�G h IKJNLNE·C>EHIKJNGjEHJNE·C>Ed7@[HM&GjGZYN<)[dM�GZ�|G^C>��?�M � +1

GFY~<
y
}
−1

GZYN<
ẏ
MDC

0
GFYN<1[dM&G1ADC�7@CFG1LNY h IK<Z<FM h C>M&YN<��D��I�I=YNG�9�I=Y~zKIKJNG h IKJNG^C�7@CFM�<1�|Y~MSp
¸ [dM�G�<ZA�9�IKJ~GFM�G�LNM&GQA&C>7@C>G�LNY GZ�|G^C>��?�M(GZIKJWCQ[HM�G�?87�?�M�G�ADC�7=JuC�L~IKJNJNA��WYNM�[HMi[HIKEjL~M
h IK?�?B7=JNLNM�M&GZC�[\7�? 7&?BM¹LNY�9 I=EdJuC1LNM�z|YNM5LNMc[\7�<FM&[\7@CFEdI=J�M�JuC><FA&M{ÑqGFIK<^C>EdM@}

¸ 9;7=< h IKJWCF<FM=}u[HM�G LNM&Yhg�A&C>7@C>G LNY h IK<Z<FM h C>M&YN<rGFIKYNGvstIK<F?�M16a`cb �
x̂
�S9�M�<Z?BMDCFC>M&JWCr?B7=EdJBA

C>M�JN7=JWC�L�wyM&GZC>EH?�M�<¹[dM&G¹LNM�Yhg,ADC�7@C>G¹LNY GZ�|G^C>��?�M�LNM�sÂ7 U�IKJ C>IKYhCceisÂ7@EHC¹GF7@C>EHGZsÂ7=EHG>7=JuC>M@�
� M�G2GFEH?QY~[\7@CFEHI=JNGr9�M�<Z?BMDCFCFM�JWC2LNM�9N[HYNG)L�wy7=9N9~<FA h EdM&<)[\70Lh�hJN7=?�Ed�WYNM�L�w�M�G^C>EH?�7@CFEdI=J � [d7
LNYN<FA&M5LNY(C><F7=JNGZEHC>I=Ed<FM�LNMc<FM h 7=[\7@lKM�M�G^C�LNM

3 s
�
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Réponse à des CI − Correcteur ss forme compagne

Position système  
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Correcteur: état 1
Correcteur: état 2
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� � � µS²SP����	��
�������SRa³��|V$T��������

����� ���i+2!$')#&')+
C J h I=JNGFEHLN��<ZM5[HM�GZ�|GZCF��?�M5GFYNE·z@7=JuC � LNI=YN�N[dM�EHJWC>A&lK<>7qC>EdI=J¶� p

ẋ =

[
0 1

0 0

]
x+

[
0

1

]
u

� �N� � �

y =
[
1 0

]
x .

� �~� �u�
��J h IK<Z<FM h C>M&YN<

K(s)
7�ADC>Ac9N<FA�7=[\7@�N[dM&?BM&JWCnG^�hJuC � ADC>EHGFA59;7=<nYNJNM�C>M h�� J~Ed�WYNM5EdJ h IKJNJWYNMSp

K(s) =
U

Y
(s) = −

20s+ 8

s2 + 7s+ 18

� �N�H� � �
¸ $�IKJNJNM&<1YNJNM�<FM�9~<FA�GZM�JuC�7@CFEdIKJ(L�w�A&C�7qC�L~Y h IK<F<ZM h CFM�YN<1MDC h 7=[ h YN[HM�<2[HM�G2zq7=[dM&YN<FGn9N<ZIK9N<FM&G
LNMc[\7Q��I=Y h [HM�stM&<F?�A�M=}

¸ ?BMDCFC><ZM�[HM h IK<Z<FM h C>M&YN<1GFI=YNGnstIK<F?�M�6a`cb � IKJ�7 � M h C>M&<>7Q[dM�G)z@7=[HM�YN<ZGn9N<FIK9~<FM�Gn[dM&Gn9N[HYNG
[dM�JuC>M&G�e�[d7QL~�|J;7=?�EH�|Y~McLNM h IK?�?B7=JNLNM¹GF9�M h

(A−BKc)
�Ä�
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� � ��� � ����� �

	 � � �X� � � ��� � ��� � �	�

����� ��%�&¼! � � �('&8# �k%
687cstIK<Z?BM1G^C�7=J~L;7=<FLB<FM&lK<FIKY~9 M�L;7@JNGjYNJB?BI|L~��[dM17=YNlK?�M�JuC>A@}WJNI=CFA

P (s)
GFYN<r[\7�
UEdlKYN<ZM

Mh�·�5[dM�?BI|LN�&[dM�MDC�[dM h <ZEHC>�&<FMcLNM5G^�|JWC � ��GFM=� C J LNEHGZCFEdJNlKY~McLNM&Yhg(C �|9�M&G�L�wyM&JWCF<FA�M&G�p [HM�G h IK?�A
?B7=JNLNM&G �

u
�5MDC�[dM&Gk9�M�<^C>YN<Z�;7@CFEdIKJNG0IKY h IKJNGZEdlKJNM&G �

w
�cLNEHCFM�GkM&JWCF<FA�M&GQMÄghIKlK�&JNM�GPOSMDC�LNM&Yhg

C �h9�M&G�L~M5GZIK<ZCFEdM&G¼pN[HM�G1?�M�GZYN<FM&G �
y
�)M&C�[dM&G1GZIK<ZCFEdM&G1<FA&lKYN[HA�M�G �

z
�D�

-

�
¾

-

-w z

u y

P (s)

K(s)

²j³�´nµ Mh�·�¹¸�º�»
��Æq¾Ä¿�É¹ÅDÁ »=Ç�Èu»=¾ZÈuÏ
"hE|[HM h IK<F<ZM h C>M�Y~<

K(s)
M&GZC h IKJNJ|Y � ½�¾>Æ���Ë�D¿�ÉnÈ�� »=Ç�»=Ë��{Å{ÉF�D} h M&CFCFM)<FM&9N<FA&GFM�JuC�7@CFEdI=J�LNIKJ~JNM

[\7�stI=J h CFEdIKJ�LNM2CF<>7=JNG^stM�<^C M&J���I=Y h [HM)stM�<F?�A�M2MDC 9�M�<Z?BMDCvLNMn?B7=JNEd9~YN[dM&<U[dM&GvJ~IK<F?�M�G&� "hE
K(s)M�G^C�eBL~A&C>M&<F?�EdJNM&< � ½�¾�Æ���Ë�D¿�ÉkÈ|ÉcÅ��qÇ;Á 	��Å{ÉF�D}¶[d7�GFM&YN[dM0LNI=JNJNA�MkLNM0[\7�?�7qC><FE h McLNM5C><>7=J~GZstM�<^C

P (s)
GZY���C�eQMDgh9N<FEH?�M�< h IK?�9N[H�&CFM�?�M�JWCn[dM�9~<FIK�N[H��?�M=�
687QstIK<Z?BM¹GZC>7=JNL;7@<FL�M�GZC�<FM&9N<FA&GFM&JWC>A&Mk9N7=<1[HM��WY;7=LN<ZEd9��K[HM¹st<FA&�WYNM�JuC>EHM�[Kp

P (s) =

[
P11(s) P12(s)

P21(s) P22(s)

]
.

� Mh�·� �
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�Wm � µ 
$V��|P ���	� �+�WV � � V � �

IKY([\7�<FM�9~<FA�GZM�JuC�7@CFEdIKJ�L�w�A&C>7@C�7=YNl=?BM&JWC>A&MSp


ẋ

z

y


 =



A B1 B2

C1 D11 D12

C2 D21 D22






x

w

u


 ,

� Mh� mK�

C J,<ZM h IKJNJ;7��HC h M&9�M�JNLN7=JWCcL;7=J~G�[HM�G�?�7qC><FE h M&G
A, B2, C2, D22

[dM&G¹?B7@CF<FE h M�G
A
}
B
}
C
}
Dh [\7=GZGFEd�WYNM&G�}¶L;7@JNG�[dM h 7=G�9;7@<ZC>E h YN[HEHM�<2I & [HM�zKM h C>M&YN<

y
LNY �WY;7=LN<ZEd9��K[HM�M�GZC�M � M h C>E·zKM�?�M�JuC�[dM

zKM h C>M&YN<¹L~Mk?�M�GZYN<FM&G�M&C�[dMczKM h CFM�YN<
u
[dMczKM h C>M&YN<¹L~M h IK?B?B7=J~LNM�G&� � MkJ wyM&GZC¹9;7@G�CFIKY�ZIKYN<ZG

[HM h 7=G�} h I=?B?�M0JNI=YNG¹[HM5zKM�<F<ZIKJNG¹9;7@<�MDghM&?B9N[HM�7{zKM h [\7�stIK<F?�M0G^C�7=JNLN7=<FL LNM�[d7BGZM�JNGZEd�NEH[dEHCFA
?�E·g|C>M@�

6¼M�C><>7@JNGZstM&<ZC
Gzw(s)

M�J ��IKY h [dM�stM&<F?�A�M(M&JWC><ZM
w
M&C

z
}vJNI=CFA�7=YNGFGZE19;7=<QLNA&�NJNEHCFEdIKJ

Fl(P,K)
}NG�w�A h <FEHC¼p

Gzw(s) = Fl(P,K) = P11(s) + P12(s)K(s)(I − P22(s)K(s))−1P21(s) .
� Mh� � �

6¼Mv½�¾>Æ���Ë�D¿�É)È|É Å��@Ç;Á�	��Å{É h IKJNGZEdG^C>Mje1CF<FIKYhzKM�<
K(s)

GZC>7=�NEd[HEHG>7=JuC8MDCU?�EdJNEH?�EHG>7@JWC¼[dMvC><F7=JNG^stM�<ZC
Gzw(s)

7@Y�GFM&JNG�p
¸ LNMc[\7QJ~IK<F?�M

H2

�|Y~E8G&wyMÄg~9~<FEd?�Mc9;7@<�p
• ‖Gzw‖2 =

√
1
2π

∫+∞
−∞

�a<>7 h M
(Gzw(−jω)TGzw(jω))dω

L;7@JNGv[dM)LNIK?B7=EdJ~Mjst<FA&�WYNM�JBA
C>EHM�[x}

• ‖Gzw‖2 =
√∫+∞

0

�a<F7 h M
(z(t)T z(t))dt

L;7=JNG)[HM�L~IK?�7@EdJNMnC>M�?�9�IK<ZM�[ �
z(t)

LNA�GZEdlKJNM
7=[HIK<FG2[\7�?�7qC><FE h M¹LNM&G�<FA&9�IKJNGFM&G�EH?B9NY~[dGZEHIKJNJ~M�[H[HM&GnLNM

Gzw(s)
�Ä�

C J�9N7=<F[HMc7=[HIK<FG2LNMcGZ�|JWC � ��GZM
H2

}
¸ LNMc[\7QJ~IK<F?�M

H∞

�WYNE¼G�w�MDgh9N<ZEd?�McL;7=JNG1[HM�LNIK?B7=EdJ~M¹st<ZA��WYNM&JWCFEdM�[¼9;7=<�p
‖Gzw‖∞ = supω σmax(Gzw(jω))

� C J�9;7=<Z[dMc7=[HIK<FG2LNMcGZ�|JWC � ��GZM
H∞

�

����� �f#&+1% ! +1% &¼!U+ !��i% &�� %"!¼+
H2

+�& !���% &�� %"!¼+��
	��

$kw�YNJNM,sÂ7VU&IKJ lKA&JNA�<F7=[dM@}2Y~JNM GZ�|JuC � �&GFM_6U`cb GZYN<�YNJ G^�|GZC>�&?BM <FM&9N<FA&GFM&JWCFA_9N7=<�YNJ
�WY;7=L~<FYN9N[HM&C �

An×n, Bn×m, Cp×n, Dp×m,
� MDC)<FA�l=[dA�M�e09;7=<^C>EH<rLNM�C><ZIKEdGr?B7@CF<FE h M�GrL~M�9�IKJ~LNA A

<F7@C>EHIKJ �
Qx, R, S

��vM&C)L~M�C><FI=EdG ?�7qC><FE h M&GrLNM h I zq7=<FEd7=J h M �
Wx, V, T

���)M&GZC)A&�|Y~EHz@7=[HM�JuC>M�e5[d7
G^�hJuC � �&GFM

H2

GZYN<1[\7kstIK<F?�M�G^C�7=J~L;7=<FL�9N<ZA�GFM&JWCFA�M 
$EHlKYN<FM Mh� mh�
	���� >��/(+*%�P:�3�2�3�? < 5 [d7kGZ�|JuC � �&GFM

H2

GFYN<2[\75stIK<F?�M�GZC>7=JNL;7@<FL�lKA�JNA&<>7=[HM
P (s)

L~A h <FEHCFM¹9;7=<
� Mh�H�{�2M&GZC�<FEHlKIKYN<ZM�YNGZM�?�M�JuC�A��WYNE·z@7=[HM�JuC>M5e�YNJNM5GZ�|JuC � �&GFM�6a`cb�GFYN<�[HMcG^�|GZC>�&?BM5<FM&9N<FA&GFM�JuC>A
9;7@<

{
ẋ = Ax+B2u+ wx

y = C2x+D22u+ v
,

� Mh���W�
�����8Ó����=Õ����� Ó�!#"��yÕ%$^Ó&"�Ô�'�!('*)�Ó����yÕ%$+)-,/.10�)�Õ32546"*7 '*$+)-,8.

J =
∫
∞

0
(xTQxx + 2xTSu + uTRu)dt

�
9 ��:QÕ;"�.5� Ó�<nÓ�.1)-,=$^Õ> {Õ�$+?&)1)-'�� Ó@.-,/?�! Õ�!A.1)�ÕB� Õ*"DC�)1E(,/.-"5 F7 '�.�Ó@.

wx(t)
Õ+.G {Õ><2Õ*"1E()xÕ

v(t)
�
E[wx(t)vT (t)] =

Tδ(t)
�
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(m)

D

-1

(n)

(p)

(n)

B C

w

A

u

z

yx

G(s)
P(s)
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²r³�´nµ Mh� m5¸�%aÆq¾Ä¿iÉ�ÅDÁ »=Ç�Èu»=¾ZÈi»qÅ�Å{Æ{ÌDÃ�À�É'&�Ë·»�Å��qÇ;Á 	��Å{É¹º)Í�Î1Ï

GFEKp
¸ [HM�G2C><FI=EdGn?B7@CF<FE h M�G2LNMc9�IKJNLNA&<>7@CFEdIKJ �

Qx, R, S
�2LNY h <ZEHCF��<FMc6a`�zKA�<ZEH�;M&JWC¼p

[
Qx S

ST R

]
= [C1 D12]

T [C1 D12] =

[
CT

1 C1 CT
1 D12

DT
12C1 DT

12D12

]
,

� Mh� MK�

¸ [HM�GiC><FI=EdG�?B7@CF<FE h M�GiLNM h I zq7=<FEd7=J h M �
Wx, V, T

�iL~M�G��N<ZYNEHCFG(L wyADC�7@C�MDC�LNM ?BM&GFYN<ZM�G
zKA&<FE·�;M�JuC¼p

[
Wx T

T T V

]
=

[
B1

D21

] [
B1

D21

]T
=

[
B1B

T
1 B1D

T
21

D21B
T
1 D21D

T
21

]
.

� Mh� � �

S [¼J�w �(7�LNI=J h 9N7=G1LNM5[HEd?�E·CFM¹�WY;7=JWC�e�[xw�EdJWCFM�<Z9N<FADC�7@CFEdI=J�LNMc[\7�GZ�|JWC � ��GZM H2

M�J(C>M�<Z?BM
LNM)GZ�|JWC � ��GZM�6a`cb M&CSIKJ�<ZM&CF<FIKY~zKM&<>7�[dM�GU? 7&?BM&G$9N<ZIK9N<FEHA&CFA�G$MDCv[HM�G$?87�?�M�G h I=?B9�IK<^C>M&?BM&JWC>G
7=G^�h?�9~CFI=C>EH�|Y~M�G��

�����  �k% ��/2!$3 &8#��0% !)( !$/ !8��+1%�&8#D+n4�4&+"!
6vwyEHJWCFA�< 7DC�LNMk[d7�stIK<Z?BM5GZC>7=JNL;7@<FL <ZA�GZEdLNM0LNIKJ h L;7=JNG�[d7 h [d7=<ZCFA0LNM0GFIKJ stIK<F?B7=[HEHGZ?�McM&C

[�w�EdJuC>M&<F9N<ZA&C�7qC>EHIKJ 9 � �|GFEd�WYNM LNY h <FE·C>�&<FM�LNM�GZ�|JuC � �&GFM 9NY~EdGF�WY�w�Ed[nM�G^C�LNAD�;JNE�9;7=<�YNJNM�stI=J h A
C>EHIKJfLNM�C><>7=J~GZstM�<^C5zKIKEd<ZM�?87�?�M�YNJ G h�� A&?�7(stIKJ h C>EdI=JNJNM�[SsÂ7=EdGF7=JuC07=9N9;7=<F7��HC><FMQLNM�G09�IKJNLNA A
<>7qC>EdI=JNG�9N[d7 h A�M�GQGFY~<�[HM�G�GFEdl=J;7=Yhg]9 � �|GFEd�WYNM&G�L�w�M�JuC><FA&M(M&C�LNM�GFI=<ZC>EHMiLNY GZ�|GZCF��?�M(M&C h M�[\7
EdJ~LNA�9�M&JNL;7=?�?�M�JWC�L~M0[\7�JNIK<F?�M5�WYNM0[�w�IKJ LNA&GFEH<FM0?�EdJNEH?�EHGZM�< �

H2

I=Y
H∞

�Ä� � M&CFCFM0stIK<Z?�YBA
[\7qC>EHIKJ�M&GZC)9N<FIK9~E h M�e0[xwyEHJWCF<FI|LNY h C>EHIKJ�L~M�9�I=JNLNA�<F7@C>EHIKJNG st<FA��WYNM&JWCFEdM&[d[dM&GjGZYN< h M&<ZC�7@EdJBGFEdl=J;7=Yhg
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 � � IK?�?�7=J~LNMv<ZIK�NYNG^C>MrL~M�GaGZ�|GZCF��?�M�GU[HEdJNA�7=EH<FM&G �Up�
f�qb57=Yhzh<ZEHC¼M&C��U� J�9	�q7=<ZE\7=J }��UI=[H� h IK9~EdA
L~M h IKYN<ZG "hYN9N7=A�<ZIN}

� � J�GFGZM�<^zhEHGFGZM�?�M�JuC I�I=JBA 6¼EdJ~A�7=EH<FM A�sÂ7 h E h YN[HM � AQ?�A&C � I|LNM�LNM 6¼�K7=9NYNJNI{z � J0� 
;I=GFG>7@<FL�}
�UI=[H� h IK9~EdA�LNM h I=YN<FG "hYN9;7@A�<FI A�� �Ko � �

� � � IK?�?�7=J~LNM¹IK9hC>Ed?B7=[·M�LNM�G19~<FI h M&GFGFY~G�LNADC>M&<F?�EdJNEHGZC>M �Up�
_�;6¼[dEd�~<FM=}��UIK[·� h IK9~EdA¹LNM h IKYN<FG
"|YN9;7=A&<FIN}

� � �UM h�� JNEd�WYNM&G)LNM h I=?B?B7=JNL~M1<FIK�NY~GZC>M@}h7@9N9N<FI h�� M�9N7=<r?�YN[·C>EH9N[·E h 7@C>M&YN<FGvM&C)7=9N9~<FI h�� M�G^C>I A
h�� 7=G^C>EH�|Y~M �Sp � ��
�7=J h M�7@Yhg A � YN?�M�<&}1C � �&GFM_L~Mf[�w�� h IK[HM I�7@C>EHIKJ;7=[HM "hYN9�A�<ZEdM&YN<FMfLNM
[xw JnA�<ZIKJ;7=YhC>Ed�WYNM�MDC�LNMc[�w LvGF9;7 h M A>� � � � }

� � � IK?�?�7=J~LNMkJWYN?�A�<FEH�WYNM�LNM&GcG^�|GZC>�&?BM&G�p87=9N9~[dE h 7@C>EHI=J 7=Yhg M&JNlKEHJNG¹?�IK�NEd[HM&G�MDCc7=Yhg <FI A
��I@C>G �$p C Y~z|<>7=lKM h IK[d[HM h CFEHs�9~YN�N[dEHA�GFI=YNG2[\70L~Ed<FM h CFEdIKJ�L~M � ��
¶7=<FlKM&IKJ�}��vLNE·C>EdI=JNG�
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IKJ

� � # # 35% �(+ ��+ML �04]4�3	&8/2!S354&+ �ONT�(% 3BL�# �0%
6¼M�?�I|LN��[HM

G
LNMBzKI=[j[d7@C>A&<>7=[ L�w�YNJ:7{z|EHIKJ <FEHlKEHLNM�M&GZC�LNIKJNJ~Ai9N7=<k[d7�<FM�9~<FA�GZM�JuC�7@CFEdIKJ

L�w�A&C>7@C¼p



β̇

ṗ

ṙ

φ̇

ny
p

r

φ




=




−0.140 0.053 −0.999 0.047 0 0.030

−2.461 −0.992 0.262 0 0.404 0.260

1.585 −0.041 −0.267 0 0. −0.680

0 1.000 0.053 0 0 0

0.0433 −0.0003 0.0016 0 0.0001 −0.0075

0 1.0000 0 0 0 0

0 0 1.0000 0 0 0

0 0 0 1.0000 0 0
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φ

dp

dr
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� Mh� oK�
¸ ��ADC�7@CFG¼p

β
� LNA�<F7=9;7=l=M{�D}

P
� z|EHCFM�GZGFM2L~M)<FIKYN[HEdG>�D}

R
� z|E·C>M�GZGFM)LNM)LNA&<>7=9;7@lKM{�Ä}

φ
� 7=GFGZEdM&CZC>M

[d7@C>A&<>7=[HM{�Ä}
¸ m h I=?B?B7=JNLNM&G�p

dp
� �~<>7=�WY;7=l=M57=Ed[HM�<ZIKJNG��jMDC

dr
� �N<>7=�WY;7@lKMclKIKY~zKM&<FJNM��D}

¸ ��?BM&GFYN<ZM�G�p
ny

� 7 h=h A&[dA&<>7@CFEdIKJ0[\7@CFA�<>7@[dM��D}
P
� zhE·C>M&GFGFM2LNM)<FIKY~[dEHG��D}

R
� z|E·C>M�GZGFM2LNM)[\7 h M&C��D}

φ
� 7@GFGFEHM&CZC>Mc[d7@C>A&<>7=[HM{�Ä}

C JkGFIKY � 7=EHCFMjGZ�|JWC � A&CFEdGZM�<SY~JNM)[dI=EWLNM h IK?�?B7=JNLNMrLNMrzKIK[|GFM�[HIKJk[dMrG h�� A&?�7�9N<FA&GFM�JuC>A)�;l=YN<FM��
IQPKRBM�G^C1Y~JNM¹9N<FA A h IK?B?B7=JNL~M�G^C�7@CFEd�WYNM h 7=[ h YN[HA�M�9 I=YN<)G>7@CFEdGZsÂ7@Ed<FM�[\7 h IKJWCF<>7=EHJWC>M�M�J�<ZA�lKEH?BM
9�M�<Z?�7@JNM�JuC¼p

lim
t→∞

[
β(t)

φ(t)

]
=

[
βconsigne
φconsigne

]

�UIKY~<nC>IKY~CFM�G1[dM&G1GZ�|JuC � �&GFM�G��|Y~E8GZYNEHzKM&JWC¼p
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ailerons

gouverne

accélération

Vit. roulis

Vit. lacet

assiette
1

H

Précommande

K

Feedback

dp

dr

beta

ny

p

r

phi
Avion latéral

1

Ordres 
pilotes:

*beta_consigne
* phi_consigne
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•
IKJ h 7=[ h YN[dM&<>7QL w 7@� I=<FL�[HM�<FM&CFIKYN<1L wyADC�7@C �

u = −Kxx
�D}

•
[dM�JNIK?��N<FM�LNM¹GFI=<ZC>EHM�G)ADC�7=JuCnA&lu7=[ 7=YiJNI=?Q�~<FM�L�w�ADC�7@C>G&}~IKJ h 7@[ h Y~[dM�<F70[dM�<FM&CFIKYN<)LNM¹GZIK<ZCFEdM
K
A��WYNEHzq7=[dM&JWC�7=Y�<FMDC>IKY~<1L�w�A&C>7@C

Kx

}
•
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H
}

•
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6¼M h 7 � EdM&<1L~M�G h�� 7=<ZlKM�G1M�GZC�[dM�GZYNEHzq7=JWC¼p
•
9N[\7 h M�<n[dM¹?BI|LNM�LNMc<FI=YN[dEHG29NYN<1M&J

−1.1
M&C�[HM�LNA h IKYN9~[dM�<1LNM

β
}
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9N[\7 h M�<n[dM¹?BI|LNM�GZ9NEd<F7=[�M�J

−1
MDC�[dM�L~A h I=YN9N[HM�<1LNM

β
}

•
9N[\7 h M�<n[dM¹?BI|LNM�LNMc<FI=YN[dEHG � IK[H[\7@JNL;7=EHG)M�J

−1± 1.3i
M&C�[HM�LNA h IKYN9N[HM�<1LNM

φ
�
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J =
∫ ∞

0
(qβ β

2 + qp p
2 + qr r

2 + qφ φ
2 + dr2 + dp2)dt
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