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Abstract

Robust filtering for uncertain discrete systems has been
intensively studied in literature in recent years. Non-
linear fractional transformation (NFT) is an attractive
tool, which effectively exploits partial linear structures
of nonlinear systems. The paper gives viable linear ma-
trix inequality (LMI) optimization formulations for un-
certain NFT discrete systems with performance crite-
ria based on generalized Hy and Ho, norm constraints.
This is verified by thorough computer simulations and
comparisons.

1 Introduction

In recent years, robust filtering has been intensively
studied in the literature [6, 7, 8, 10, 11, 12, 13, 14, 16].
This is due to the introduction [3, 4] of linear matrix
inequality (LMI) as the main tool toward effective so-
lutions of robust control and filtering. Indeed, LMI
setting is really fit to handle the robust optimization
and estimation because most realistic uncertainty con-
straints can be adequately and accurately expressed by
LMIs. Usually, the uncertain systems are assumed lin-
ear in uncertain parameters [6, 10, 13, 16]. When un-
certain parameters enter continuous systems in nonlin-
ear way, robust filtering have been addressed in [10, 14].
The result of [10] is given as matrix inequalities, which
are still nonlinear in all scaling vector variables, while
the result of [14] is given by completely LMIs. As
shown by [14], it is crucial to express nonlinear param-
eter dependence of a system in a tractable form, which
allows exploiting its partial linear structures that can
be maximally used for LMI derivation. Nonlinear Frac-
tional Transformation introduced in [14] seems to be
the appropriate model for this purpose.
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The aim of this paper is to extend the result of [14] to
the case of discrete systems, that is the robust filtering
for discrete uncertain linear system in the nonlinear
fractional transformation (NFT) form

z(k+1) A(a) Ba(a)  B(a) (k)
y(k) - Cla)  Dafe)  Dle) ||
za(k) = | Cala) Da.(a) D:(a) wﬁ(k) ’
z(k) L(a)  Daa(e) M(e)

wa(k) = Al@)za(k),

1
where A(a) € R™", Ba(a) € RV™2, B(a) €
R™™ D(a) € RP™, Ca(a) € R™2X" [(a) €
R¥™ and x € R" is the state, y € RP is the mea-
sured output, z € R? is the output to be estimated
and w € R™ is noise, wa € R™ and za € R™* help
manage the uncertainty component of the system. The
uncertain parameter « is supposed to be in the unit
simplex T':

S
Po={(o1, as): D ey =1, a5 >0}.
j=1

and the state-space matrix data in (1) are such that

A(a)  Ba(a) B Aj Baj Bj

C(a) Da(a) D(a) s Cj Daj Dj

Ca(a) Daz(a) Dz(a)| = Z aj | Caj Dazj Daj
L(Oé) DAA(OL) M(Oc) j=1 Lj DAA]' Mj
0 Aa) 0 0 A; 0

)
or, in short, they are linear in parameter a.

Such NFT has been introduced in [14] as a tool for
representing uncertain continuous systems. The NFT
representation (1) covers the linear fractional transfor-
mation (LFT) representation [17] in which only A(«)
is uncertain and the polytopic representation with
A(a) = 0 as two particular classes. Though it is well
known that LFT can be applied to almost all the uncer-
tain systems, the advantages of NFT compared to LFT
is that it results in substantial reduction in term of sys-
tem dimensions and solutions to polytopic and LFT
systems can be easily inferred from those to the NF'T
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ones. Dimension reduction by NFT can lead to dra-
matically better analysis and synthesis whereas LFT
may lead to performance deterioration. This will be
clearly demonstrated in section 4.

On the other hand, it is obvious that the structure of
the used filter class has much influence on the filter
performance. The customary used filters [6, 8, 10, 13,
14, 16] usually take the strictly proper form

|:$F(k+1):| _ [AF BF:| |:13F(k):| 3)
zr (k) Lr 0 y(k) |’

While strictly proper filters work well for continuous
systems [10, 13, 14], they may not be the best candi-
date for discrete systems. This is due to the fact that
according to (3), at each time instant k, one estimates
the output z(k) of system (1) based on information of
the measured output y available up only to time k — 1.
Thus, naturally, the filtering performance can be essen-

tially improved by using the following proper structure
introduced in the paper

|:l‘F(k’+1):| - |:AF BF:| |:xp(k):|
zr (k) - |Lr Dr y(k) |’
Ar ¢ R"*",Lr € R¥*"

(4)

which obviously updates the estimation zg (k) for the
output z(k) based on information on all states of the
measured output y(k) up to present instant k. Fur-
thermore, the estimation criterion of filters is based on
the mixed generalized Ha/Hoo criterion

2 2 .
maxlpl|2 = 2l + (1= p)l|z = zel[3) — min,  (5)

where ||.[|,c and [|.][2 denote signal norms inducing
the discrete generalized Hy and Ho, norms respectively
corresponding to the generalized Hy norm and the Ho,
norm of continuous systems. Like their counterparts
for continuous systems, the generalized Hs norm con-
straint introduced in section 2 is the peak error am-
plitude criterion and H., norm constraint is the error
energy criterion so (5) makes a compromise between
the two conflicting constraints with trade-off constant
p (0 < p <1). So, solutions to the generalized Hs and
H filtering problems are on hand readily.

This paper develops an effective approach toward the
posed robust filtering problems. We are then successful

in:
e Making out a new characterization of the gen-

eralized Ho norm constraint for uncertain NFT
systems.

e Forming new LMI formulations for uncertain
NFT systems. Coherently, new LMI formula-
tions for polytopic and LET cases are available.

We organize the paper as follows. Section 2 outlines
characterizations of the generalized Hy and H., norms
of the above NFT systems. Section 3 transforms these
characterizations into LMI formulations. Section 4 val-
idates the effectiveness of our approach via thorough
simulations and comparisons.
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2 Characterizations for norm
constraints

LMI based formulations will be provided for the gen-
eralized Hy and H,, norm constraints to evaluate the
corresponding performances of filters. This is done
with the loop system (1) having the output to be min-
imized zy = 2 — zF

za(k+1) A Baa  Ba zei (k)
[ 2a (k) = Car Da. D 1 U)A(k)‘| )
za (k) Lg Da Mg w(k)
wa(k) = A(a)za(k)
(6)
where
ze (k) = {;;(?2)] y Ac(a) = [Bf(c?é()a) AOF] )

o= (o250 ] =[5 ]

Ca(a) =[Ca(a) 0], Da(a) = Daa(a) = DrDa(a),
Le(a) = [L(e) = DpC(a) —Lp],
Mei(a) = M(a) — DrpD(a).

2.1 Generalized Hso-norm characterization
The generalized Hy norm of the (6) is defined as

— lzaDIl__
(Z |w<k>||2>
k=0

Thus, if the inequality

[z (DI < v [[w(k)]]? 9)
k=0

holds for any input sequence w(k) and its output se-
quence z(k), then the generalized Hs norm of system
(6) is less than /v and vice versa.

Theorem 1 One has (9) guaranteeing the generalized
Ho-norm of system (6) less than \/v if for everya € T,
there are symmetric matrices X(a) > 0 and scaling
matrices R;(a), S;(a), a scalar p and slack matrices
V(a), H;(a), Fi(a) satisfying the following matriz in-
equalities

R; ATHT

H,A Si+(Hi+HZT) (a) >0Va el i=1,2; (10)

T11 * *
0 T22 *
Ty Ts Tss () <0V €T, (11)
T41 T42 0 T44
U1 * * *
0 U- *
Ut Uz Usa (@) <0Va el (12)

Uyt Ui 0 —vI



where

_ o Sl *

T =-X, Tz = {0 —(1—M)I]’

Ts1 = VT Au, T2 =V [Baa Bal,

T3 =X — (V +4 V ) Ty = Fch,

Tio=F1[Dar: D:|, Tsa=Ri— (F1 + FlT)7 (13)
Sa *

U = —X, Uz = , Usz1 = FaCa,
0 —ul

Usy =F3[Da. D.], Uss =Ry — (F2 +F3),
U =L, Usg = [Da Ma],

2.2 Hs-norm characterization
As well defined, the Hoo norm for system (6) is

T 1/2
(Z |zcz<k>|2>

k=0

i;UIT) p 1/2 (14)
’ (Z ||w<k:>|2>
k=0
Hence . -
Yo lza®)? <4y llw®)? (15)
k=0 k=0

always holds, meaning that the Hs,-norm of system
(6) is less than ~.

Theorem 2 One has (15) if for every «
are matrices Y (o) > 0, V(a), R(«), S(a),
F(a) satisfying the following inequalities

€ I’ there
H(a) and

R ATHT

HA S (HimHT)|(@Z0Vael, (16

P ox *

0 Po *
P31 Pz Ps * | (a)<0Vael (17)
Py Py 0 Py %

Psi P2 0 0 —nI

where
S *
Py ==Y, Poo= 0 Al
31 = VT A, Pso =V [Baa Ba]
Py3s =Y —(V+VT) Py =FCa, Po =F[Da. D.],
P44:R_(F+FT)7 P51:£cl7 P52:[Dcl Mcl]-
(18)

3 Robust filters for NFT

In (6), note that Ay (o), Bac(a), Be(a) are functions
of the variable K = [Br Ap]

[Aa  [Baa Ball(a)=

: (19)
> a;([04,07 OB;]+TK[C; ©,D;))
j=1
981-04-6440-1/02/$10.00 © 2002 ASCC
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o (5 [
I=[In I.], Bj=[Ba; Bj], C;= gj ij"} :
Dj=[Daj Dj], Dzj =[Daz; Dz].
(20)
This facilitates the linearization for the stated gener-
alized H2/Hoo norm characterizations .

3.1 Robust generalized H; filter

In order to derive tractable LMI-based formulation for
the posed filtering problems, we must impose the fol-
lowing structures for decision variables in (11), (12)
and (10)

V(a) = V, Fl(a) = Fi, HZ(O[) = Hz Ya S F, i = 1,2
(21)
Zajxjv R Zaj i
(22)

a) = Zajsij, 1= 1,27
j=1

i.e. the basic variables are parameter-dependent while
the slack variables are not.

Theorem 3 There is a filter (4) which sat-
isfies the estimation condition (9) whenever
the followmg LMI constraints are feasible in

V, X,, Sy, Rij, K, Lp, Dp, H;, F, and
o
R;; ATHT (23)
H,A; s”+ H +HT 20,
Mfl * *
0 M§2 *
M?J’.l M:’z2 Mrz:i * (24)
My, Mj, My,
Nlj1 * *
0 Ngz *
Ng,,l N:)J,,Q N§3 * (25)
Ni, N, —vi
Jj=12,.
Here,
. . ) Si; *
J _ _X. J J
Mll* X]: M22 |: O (I[LI):|’

M, =vTese’ +ITKCJ,

Mi, =V'eB; +I"Ke ”D],

Miys=X; — (V+VT), M, =F1Ca,;0",
M42 - FlDZJv M44 - RIJ - (Fl + FT)

Szj *
0 —ul

Ngz =F2Dsj, Njy = Ry — (F2 + F3),

Nj, =[L; —=DrC; -Lp],

Ni, =[Daas; M;]—DrD;.

N1j1 = _va Ngz = l: ) N?{1 = F2CAj6T7

(26)
The matriz data Ap, Br, Lr, Dg defining the fil-
ter (4) can be derived from the solutions of the matriz
inequalities (23), (24), (25) according to

Ar=ApV;", Br=Bp, Lp=LpV;". (27)
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3.2 H, and mixed generalized Ho/H, filters

Theorem 4 There is a filter (4) which sat-
isfies  the robust  estimation  condition  (15)
whenever the following LMIs are feasible in
Va Y]a S]7 R]a K7 i‘Fa DFa G7 F.

R; ATHT

>
HA, S, +H+HD|Z? (28)
E{l * * * *
0 E%_2 * * *
E%l E%Q Ei, >)<J * <0, (29)
Ey E'4_2 0 £, *

with

S; *

0 —I

E}, =VT04,0" + I"KC;, E), = VTOB; + I"KO,D,
Egd = YAVJ' - (V + VT)v Eil = FCAJ'C—)T’ EZQ =FD.;,
El,=R; - (F+F"), B, =[L; -DrC; -Lr],

Ely =[Daa; M;]—DgD;.

E{1 =-Y;, E%é =

(30)
The filter data Arp, Br, Lr, Dp defining the filter
(4) can be derived from the solutions of the LMIs (28)
and (29) according to the formulas in (27).

The solution to the optimal mixed filter problem (5) is
merely the combination of the theorems 3 and 4.

Theorem 5 A sub-optimal robust filter (4) for prob-
lem (5) can be solved by the following optimization
problem

minfpy + (1 - p)7?] : (23), (24), (25), (28), (29).  (31)

with decision variables V7 Xj, Y]-7 Sij, Rij, S;, Ry,
K, f;p, Dp, H;, F;, H, F, u, v, v. The matrix
data Ap,Bp,Lr,Dp defining the suboptimal filter (4)
can be derived from the solutions of the optimization
problem (31) according to the formulas in (27).

4 Numerical examples

Different representations of the system model
(NFT/LFT) as well as different filter structures
(4/3) may result in dramatically different estimation
performances. This is shown via the solutions the
robust filtering problems for the system

z(k+1) A(a) B &
yk) |=| ¢ D [‘T( ) ] (32)
2(k) L o) Lw®
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with
Aa) = Qo + Q1 + 03Qs + 0105Q3 + 01 Qu + 22Qs,
= ]e= o 0l
0= |gu om] @03 0ii]:
Q4= _8:% 8:3} ) Qs = {0(].;5 0(.]1] ’

-2 0
2 2] ot

B =
D=1[0 3], L=[1 0].

Both representations are used.

e NFT as in (1) with

A(a) = a1(Qo + Q1) + a2(Qo + Qs),

BA(OL):[OQIQ 052121 |:Q01 gz ,

_ 0(1[2 02 _
Aa) = [ 0s  aoly |’ Da, =0,
Cala) = {0‘112] D.—=0,Da—=0,Das =0
04212
(34)
e LFT as in (1) with
A:Q07BA = [12 02 02 Iz 02 02]7
02 Q1 02 02 Qs O2 Qa
02 02 Iz 02 02 02 02
02 02 02 02 02 02 I
D z = ,C =
2 02 02 02 02 Q2 02| 27 | Qs
02 02 02 02 02 I2 02
02 02 02 02 02 02 I
— _ _ _ 01116 06
D, =0,Da =0,Dan =0,A(a) = { 0 Oé2]6:|
(35)

Note that using theorems 1 and 2, the upper bounds on
the generalized Hy and Hs, norms of this system are
found equal to 2.6405 and 5.5908 respectively. The im-
provement (Im.) ratios are fractions having the upper
bound on the generalized Hy (Hoo) norm of the to be
estimated sequence z(k) of the system as their numer-
ators and the corresponding upper bounds on general-
ized Hy (Hs) norms of error sequences z(k) — zp (k)
by filters as their respective denominators

The dimension 12 of za in the LFT (35) is three time
larger than that of the NFT in (34), severely affecting
computational efficiency and estimation performances
of the resulting filters as described in tables 1 and 2.
In addition, running times of LMI programs for NF'T
(34) are short whereas their counterparts for LFT (35)
are very long. Table 3 lists the trade-offs between the
generalized Hs and H., performances.

Tracking performances of proper filters and that of the
strictly proper generalized Ho one are taken within 100



981-04-6440-1/02/$10.00 © 2002 ASCC

Model/Filter Ho Time | Im. ratio

NFT/Proper 0.5503 | 6.5s 4.7983

LFT/Proper 1.2469 | 13428 s | 2.1176
NFT/Str. proper | 2.0402 4.8s 1.2942

Table 1: Generalized Hz performances of different filter
structures and system representations

Model/Filter Hoo Time | Im. ratio

NFT /Proper 0.7934 | 2.5 7.0466

LFT/Proper 2.3471 | 2348 s 2.3820
NFT/Str. proper | 2.2576 | 2.7s 2.4764

Table 2: H., performances of different filter structures
and system representations

steps in the case that noise is zero mean white noise
with the identity spectral density.

Figure 1 captures the real (to be estimated) sequence
2(k). The error sequences |z(k) — zr(k)|? by proper
filters (fig. 2-4) are small in sample amplitude as com-
pared to the real sequence, confirming that proper fil-
ters achieve good tracking performances. The error
|z(k) — zr(k)|? by the strictly proper generalized Ha
filter (fig. 5) is nearly equal to the real sequence in
absolute value, showing that the strictly proper gener-
alized H, filter is unacceptable. This well agrees with
their improvement ratios listed in tables 3 and 4 as
well as highlights the effectiveness of the proper filter
structure.

The error sequence by the proper generalized Ho filter
(fig. 2) shows peak sample amplitudes smaller than
those of the proper H,, filter. As a compensation,
the error sequence by the proper Ho, filter (fig. 3)
is smoother in amplitude change of samples than that
of the proper generalized H, filter. This reflects the
physics nature of the two norm constraints as men-
tioned earlier. The error sequence by the proper mixed
filter with the trade off constant p = 0.9 (fig. 4)
is smoother in amplitude change of samples as com-
pared to those of the proper generalized Hs filter and
has peak sample amplitudes smaller than those of the
proper H,, one. Thus, it realizes a compromise be-
tween the two conflicting constraints as desired.

p | Mixed Ho Hoo
0.5 | 0.7830 | 0.9040 | 0.8653
0.7 | 0.6612 | 0.7901 | 0.8645
0.9 | 0.4939 | 0.6831 | 0.8599

Table 3: Performances of mixed proper filters by different
trade-off constants (p) for the NFT model
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5 Conclusions

We have proposed a new approach toward robust filter-
ing for time invariant uncertain NFT systems. In this
paper, NFT once again shows its advantages against
LFT not only via its generality but also, of utmost
importance, via the computation efficiency it results
in. Our norm constraint characterizations using pa-
rameter dependent Lyapunov functions together with
the proper filter structure bring about effective LMI
optimization formulations for generalized Hs, Hoo and
mixed filtering problems. Finally, the viability of these
formulations is manifested by careful simulations and
analysis.
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Figure 1: Real signal

TWT ?M jm R [ L?T?TJLJTT MOTJT : L il T T
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Figure 2: Error |z(k) — zr(k)|> of the proper Ho
filter
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Figure 3: Error |z(k) — zr(k)|* of the proper Heo
filter
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Figure 4: Error |z(k) — zr(k)|? of the proper mixed
filter
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10 20 30 40 50 60 70 80 90 100

k

Figure 5: Error |z(k) — zr(k)|? of the strictly proper
H. filter
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