SPECTRAL BUNDLE METHODS FOR NONCONVEX MAXIMUM
EIGENVALUE FUNCTIONS: SECOND-ORDER METHODS
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Abstract. We study constrained and unconstrained optimization programs for nonconvex max-
imum eigenvalue functions. We show how second order techniques may be introduced as soon as it is
possible to reliably guess the multiplicity of the maximum eigenvalue at a limit point. We examine
in which way standard and projected Newton steps may be combined with a nonsmooth first-order
method to obtain a globally convergent algorithm with a fair chance to local superlinear or quadratic
convergence.
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1. Introduction. This paper continues the study of eigenvalue optimization
programs initiated in [31]. We investigate programs featuring nonconvex maximum
eigenvalue functions, like the unconstrained eigenvalue program

(1.1) minimize fx) =M (Flx)),z e R
and the constrained eigenvalue program

(1.2) minimize ¢'xz,x € R®

subject to  f(z) = A\ (F(x)) <0
Here F : R® — S™ is a class C? operator with values in the space S™ of symmetric
m X m matrices, and A\; : S™ — R is the maximum eigenvalue function, which is
convex but generally nonsmooth. In consequence, f is in general neither smooth
nor convex. We investigate in which way first-order spectral bundle techniques for
programs (1.1) and (1.2) developed in [10, 39, 31] can be combined with second-
order steps in order to get fast local convergence. This is of vital importance in
practice, since first-order methods have a tendency to get stalled towards the end of
the optimization process. In smooth programming, this phenomen is addressed by the
use of second-order techniques, which lead to superlinear or quadratic convergence as
soon as iterates get close enough to a local solution. It is a long standing research
issue to identify similar second-order methods for nonsmooth programs. Presently we
contribute two such methods for eigenvalue optimization, and we discuss and clarify
previous approaches in [10, 39].

Local second-order methods for eigenvalue optimization have been examined be-
fore. Much pioneering work has been contributed by M. Overton in a series of papers
[32, 33, 34, 35, 36] beginning in the 1980s, where Newton type methods for (1.1) are
considered. Further to be mentioned among the earliest contributions are J. Cullum
et al. [10], R. Fletcher [12], A. Shapiro [44, 45] and A. Shapiro and M.K.H. Fan [46].

The specificity of our contribution is that we combine first and second-order
techniques in a unified framework. To our knowledge, the only source where this has
been explicitly proposed before is Oustry [39]; see also [18, 28], where such a combined
strategy has been examined for program (1.1) with a convex objective f = A1 o A.
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The combined approach requires two elements, a first-order method, generating a
descent or Cauchy step, ¢, and the second-order technique, proposing a Newton type
step V. The Cauchy point ¢ could for instance be obtained by a spectral bundle
algorithm like the one analyzed in [31]. This algorithm is of e-subgradient type and
was originally proposed by Cullum et al. [10] and further developed by Oustry [39] for
convex programs (1.1). But other techniques could be used instead, like for instance
[40, 41, 2, 1, 3], where modifications of the e-subgradient strategy are considered.

Second-order methods generating Newton steps zV are presently analyzed. We
examine the corresponding tangent quadratic programs in detail and show that it may
be profitable to use a projected Newton or quasi-Newton method, where the partial
smoothness of the maximum eigenvalue function along certain manifolds is exploited.
For related ideas we refer to Hare and Lewis [17], where the idea of semi-smoothness is
developed, and to Mifflin and Sagastizébal [30], where UV -analysis is used to generate
second-order steps.

General purpose bundle methods are discussed in Lemaréchal [25, 26], Wolfe [48]
or Kiwiel [22, 23]. Combining those with second-order steps may lead to complications
as soon as the bundle procedure builds up memory from previous steps. The subtle
mechanism which usually combines null steps and serious steps will have to be modi-
fied in order to accommodate steps 2 proposed by the second-order method. Using
the memoryless spectral bundle method [10, 39, 31] avoids this fallacy. We mention,
however, that first and second-order techniques of our combined scheme are modula-
ble in the sense that any first-order nonsmooth technique producing the Cauchy step
¢ with a convergence certificate could be used within the combined framework, as
soon as the mentioned difficulties are dealt with. For instance, in [41], Polak and
Wardi present an alternative approach, which could also be adapted to compute a
Cauchy step 2. Yet another possibility is proposed in [1], where this idea is further
developed to include semi-infinite cases like the H,,-norm. We also mention Fletcher
[13, Ch. 14], where composite optimization programs of the from mingcgn ¢ (F(z))
with smooth F and nonsmooth convex ¢ are discussed. The author obtains a second
order method if ¢ is a polyhedral function. For non-polyhedral ¢ like A1, it would
again become necessary to build up a polyhedral approximation of ¢ of increasing
complexity.

The outline of the paper is as follows. The first-order method from [31] is briefly
recalled in Section 3. Section 4 examines the structure of the second-order tangent
programs, while the idea of the projected Newton method is discussed in Sections
5 and 6. The affine case is discussed in Section 7, and a link with the method in
[39] is established. Section 8 presents an extension of the Dennis-Moré theorem to
projected quasi-Newton methods. The constrained eigenvalue program is discussed
at some detail in Sections 9 and 10.

2. Notation. We follow [19] and [8] for notions from convexity and nonsmooth
analysis. We consider the Euclidean space S™ of symmetric m X m matrices, equipped
with the scalar product X e¢Y = tr(XY'). The differential of an operator F : R™ — S™
is denotes as F'(z). Its adjoint F'(z)* is a linear operator S™ — R™. For an affine
A:R" = S™, A(z) = Ag + Y, x;A;, the derivative A’ is simply the linear part A
of A, given as Az ="' | x;A;. Its adjoint is then A*Z = (A1 e Z,..., A, 0 7).

3. The e-management. The spectral bundle method analyzed in [31] was orig-
inally developed by Cullum et al. [10] and Oustry [39] for convex f = A; o A. Tt

is based on the the following mechanism. Let z € R™ be the current iterate, and
put X = F(z) € S™. Choose ¢ > 0 and keep the indices ¢ = 1,...,r(e) of those

2



eigenvalues A;(X) of X satisfying A1 (X) > A (X) > A (X) —e. Here r(e) is called
the e-multiplicity of A;(X). Now choose a matrix Q. of size r(e) x m, whose columns
form an orthonormal basis of the invariant subspace of X associated with the first
r(€) eigenvalues. Then define

5. flz) = {]—"(x)*G G=0QYQ Y =0,tx(Y)=1,Y € ST(E)} ,

called the e-enlarged subdifferential of f at . This set satisfies df(x) C d.f(z) C
Ofe(x), as proved in [39], and serves as a good inner approximation of J. f(x).

As is well-known, the force of the e-subdifferential for convex functions f is based
on the fact that 0 ¢ 9f.(z) allows to decrease the value of the objective function
by at least € > 0. This basic mechanism has to be refined if the approximation J.f
of O.f is used, as presented in Oustry [39]. If f = A\ o F is no longer convex, the
e-subdifferential and also d.f loose their global properties, which makes quantifying
descent a more complicated task. This is studied in the first part [31] of this work.

Choosing € > 0 to generate a suitable descent step for f at x is referred to as the
e-management (see [39], [31]). In the essence, e must meet the following two criteria.
We need 0 & éf(x). This ensures that the direction d of steepest e-enlarged descent,
obtained by solving the semidefinite program

d=—rop 9= awmin{lgl g €0 (@)}

is a descent direction of f at x. Secondly, if possible, the choice of € should give the
most sizeable descent away from x. In particular, descent should be quantifiable, and
should be realizable by a finite line search. How all this should be organized is shown
in [31] and also [1, 3], where variations of the same theme are considered. During
the following, the first-order descent step in question will be denoted by z¢, and will
be referred to as the Cauchy step. In the smooth case, it corresponds to a standard
steepest descent step away from the current x.

4. Second-order methods. Second-order techniques with local superlinear or
quadratic convergence are brought into play in eigenvalue optimization with the help
of an oracle predicting the multiplicity 7 of A\; at the limit X = F(z) during the
terminal phase of the algorithm. Naturally, there cannot be any rigorous way of
forecasting 7, hence the name of an oracle. But heuristic methods have been proposed
in the literature and work quite well in practice (see e.g. [12, 32, 33, 34]). For instance,
Overton [33, Section 4] suggests the following estimate r of 7. Choose the smallest r
such that

(4.IN (X) = A\ (X) <7mmax (LM (X)), M(X)—=Ai1(X) > 7max (1, |[M(X)]),

where 7 > 0 is some small tolerance, which has to be adjusted a few times during the
course of the minimization process.

Guessing the multiplicity of A\; (X) while visiting iterates Xy = F(x)) near X =
F(Z) may be expressed in terms of the e-management. We aim at r(e;) = 7 when z,
is close to . As long as this works out successfully, our method will indeed guarantee
fast local convergence. On the other hand, if we fail to identify 7, our local quadratic
model will be incorrect. The risk we are then taking is that our higher computational
load, needed to generate second-order steps, is wasted in so far as convergence is no
better than that of the underlying first-order method. But we do not put convergence
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Combined algorithm for (1.1)

1. If0 € df(x) stop.

2. At current z, compute Cauchy point ¢ using the first
order spectral bundle method [31]. Compute progress
p© = fz) - f(z©) > 0.

3. Using (4.1), make a guess r of the unknown multiplicity 7 of
the leading eigenvalue A; in the limit. Pick € > 0 such
that r = r(e).

4. Form a second-order model based on r(¢) and compute a
Newton step zV by solving the tangent quadratic program,
using line search, trust regions or a filter.

5.  Compute decrease pV = f(x) — f(zV).

6. Accept 2V as new iterate zt if p/V > 0p© for fixed 0 < 0 < 1.
Otherwise let 27 = z€.

7. Replace z by 7 and go back to step 1.

FiG. 4.1.

itself at stake as long as we rely on first-order information based on the true objective
function f. The overall scheme is outlined in Figure 1.

The basic idea of the scheme in Figure 1 is clear. The Cauchy step ¢ gives
a convergence certificate in the sense elaborated in [31] or [1, 3]. The test in step
6 assures that if the second-order trial step %V fails from various reasons, (progress
too small: p™ < #p©, or even no progress at all: p¥ < 0), we can at least fall back
to the progress p© > 0 achieved by z€, take this as the new iterate, and proceed.
On the other hand, if the information from the oracle was sound, and if the Newton
step 2 takes its grip, then we have a fair chance to assure superlinear or quadratic
convergence towards Z. To our knowledge, the only reference where such a combined
scheme was proposed is Oustry [39], who treats the case of a convex f = A; o A.

Naturally, the scheme in Figure 1 leaves various questions to be resolved. First
of all, we have to clarify in which way the Newton step =¥ should be computed.
Propositions will be made in sections 5, 6 and 10. Secondly, if we decide for instance
to use a trust region strategy to compute 2V, we have the problem that we cannot
match the values of the tangent quadratic model with the values of f = A; o F, as
we would naturally do in the smooth case. This is because our model relies on the
guess r, so if r # 7, the local quadratic model does not represent f correctly. In
consequence, the usual updating strategy for the trust region radius is not guaranteed
to terminate finitely. Similar comments apply to a line search strategy.

Another more technical question is whether elements needed to compute the first-
order step ¢ may be recycled to build second-order elements, and vice versa. Before
we settle these and other problems, we will have to elaborate the precise form of the
tangent program based on knowledge of 7.

5. Merits of the oracle. Suppose at iterate xx we have correctly guessed the
limiting multiplicity 7 and chosen € so that r(e;) = 7. This means that at the local
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minimum Z, the matrix X = F(Z) lies in the smooth manifold

Mp={XeS" : M(X)="=XX) > 1 (X) > > An(X)},

whose dimension is m("QH'l) +1-— F(EH) (cf. [46, 21]). Now observe that on M, the
maximum eigenvalue A\; coincides with the average of the first 7 eigenvalues:

() = 2 3 A(X),

which is a convex and smooth function in the neighborhood U = {X € S™ : A\x(X) >
Arg1(X)} of Mz. Then we may replace the nonsmooth information contained in
f = A1 o F by the smooth information contained in the function f = \oF by
adding the constraint F(x) € Mz. We replace program (1.1) by the nonlinear smooth
constrained program:

minimize  f(z) = A\s (F(z)), z € R"

(5.1) subject to F(z) € M5

A set of equations hi(X) = 0,...,hy(X) = 0 describing the manifold M has
been presented independently in [4], [34], [46] and later in [38]. Here p = @ —1is
the codimension of Mz in S”. The set Nz = {z € R : F(x) € M5} is then described
by the set of equations hi(F(x)) =0, ..., hp(F(z)) =0.

To apply standard SQP methods to (5.1), we require a constraint qualification
hypothesis. Transversality used in [34, 46, 38, 39] may serve this purpose. An easy
way to describe it is to say that the Jacobian of the set of equations hy (F(z)) =
0,...,hy (F(z)) =0 has maximal rank p for = in a neighborhood of Z. In that event,
N5 is also a smooth manifold. Under transversality, local theory for (5.1) will therefore
follow standard lines in SQP theory. All this has been presented in [32, 34] and [46],
and our only concern here is how the local second order theory goes along with the
first-order part needed for global convergence.

Let us first examine the extra work required for the tangent quadratic program
for (5.1). The Lagrangian is L(z;0) = Ar (F(z)) + S.0_, ;i (F(x)). Therefore, the
tangent program used to compute the step dx about the current point z with current
Lagrange multiplier estimate o is

minimize  f'(z)7 6z + 162" L (z,0) 6z, Sz € R™

(5:2) subject to  h;(z) +hi(z)Téx =0,i=1,...,p

Let us find the explicit forms of the gradient f’(z) and the Hessian L”(z,0) of the
Lagrangian L.

Following [34, Cor. 3.10], f is differentiable in the neighborhood U of M. An
explicit formula for the gradient is

(5.3) flla)y=r"F) > QneL, |,

<z
where k; are the indices of the leading eigenvalues, that is,

Akefl(X> > Ake(X) == /\k1+1*1(X> > >‘k1+1(X>a
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and where k7 is the index of the leading eigenvalue of the group containing A, which
is itself at the end of this group, that is, ¥ = kg, ; — 1. Here the columns of Q, form
an orthonormal basis of the eigenspace of Ay, (X).

The Hessian of the Lagrangian on the other hand is L” (z, o) = f"(x)+Y."_, o: b} (2),
where the second derivative of the objective function is characterized by its quadratic
form

d7 [ (2)d = No(X) &[4, F"(@)d] + D o N(X) D,

and the quadratic form of \/(X) is explicitly given in [47, Prop. 1.3]:

(5.4) De)N(X)D = ; > (Q,LD Ny I — X Dle) .
<

Finally, an explicit form of h”(x) is presented in [46, 34], where the approach (5.1)
has been discussed among other eigenvalue programs.

The extra work involved in computing f! (xr) is minor, as the matrix @, needed
for the steepest ex-enlarged descent direction in the first-order method requires the
same work. Suppose we compute the Cauchy point :I:kc first, which involves computing
the r(ex) X m matrix Q. Then we may re-arrange these columns into the different
matrices g, , if necessary by adding some columns. The extra work for the second-
order method is therefore solely in computing the Hessian of the Lagrangian L" (z; o),
and of course in solving the tangent quadratic program.

REMARK. As a result of this section we have a first realization of the general
scheme in Figure 1 in the case of program (5.1). The Cauchy point ¢ may be
provided by the method in [31] or any of the variants from [40, 2, 1, 3]. The Newton
step 2% is computed by solving the tangent quadratic program (5.2), combined either
with a line-search [6], trust region [9] or filter method [15]. In each case, the progress
of the model has to be compared to the progress of the function f , which assures that
2" is found by a finite procedure. If no progress in f is possible, we fall back to z,
and only if ¢ provides no progress over the current x, we stop at a critical point of
f-

6. Projected Newton method for F(z) = 0. In this section we consider a
more elaborate form of the tangent program, which exploits the information obtained
from the oracle a little further.

Provided we can trust our guess r of the limiting multiplicity 7 of A1, it seems
attractive to force the iterates X to lie on the manifold M., because this is where we
expect X to lie in, and because we will then benefit from the differentiable structure
of M,.. In the following we examine this option from a slightly more general point of
view.

Suppose we want to solve the nonlinear system of equations F(z) = 0, where
F:R™ — R™. Suppose further that a little bird tells us that a local solution Z lies on
a manifold M described by the system of equations G(z) = 0, where G : R® — RF
for some k£ < n. Then we may consider the projected Newton method proposed in
Figure 2.

Bringing in the additional information & € M as in step 2 of the method seems
attractive, but we have to make sure that this is not in conflict with Newtons method.
We have the following

PROPOSITION 6.1. Suppose F(Z) = 0 and G(Z) = 0. Suppose F'(Z) is invert-
ible with || (F'(z))™"|| < 3. Suppose further that F'(x) is Lipschitz continuous with
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Projected Newton method for F' =0

1. Given the current iterate x., compute a Newton step
-1
ry =xc— (F'(2))” " F(zc)-
2. Project x4 orthogonally onto M and obtain z,, € M.
3. Replace z, by x4 and loop on with step 1.

FiG. 6.1.

constant v on a neighborhood B(Z,r) = {x : ||z — Z|| < r} of T. Then there ex-
ists 0 < p < r such that for every x1 € B(Z,p), the sequence xy generated by the
projected Newton method in Figure 2 is well-defined, stays in B(Z,p), and converges
quadratically to .

Proof. We closely follow [11, p. 90]. Let p = min{r,1/38~}. Then the argument
in that reference shows that the Newton step x4 at the current z. satisfies

_ 3 _
(6.1) oy — 2l < Z87lwe — 2.
Since by induction z. € B(Z, p), we have ||z, — Z|| < 1/337, hence
o - 2 < llz. -3l
zy — Z|| < =z — Z|.
* ~ 4

By the definition of x4y in step 3 of the algorithm we have ||z+ — Z|| > ||z+ — x4+ |-
Hence [[z41 — || < |lzg — 2| + [[o4 — 244 < 2[|z4 — 2], so we obtain

_ 1 -
lz++ = 2l < 5llze - 2]

This last estimate proves [|z;4 — Z|| < $p, so that iterates stay in the ball B(Z, p).
This proves that the projected Newton method in Figure 2 is well-defined, and that
the sequence of iterates x; 4 converges linearly to . Going back to (6.1) with this
information proves quadratic convergence. Indeed, we now have

_ 3 _
lzgy = 2l < 2ll2y — 2]l < SBvllwe — 27,

which proves the claim. O

We use the projected Newton method to approach the second-order program (5.1)
from a different point of view. Consider the following equivalent cast of (5.1), lifted
in the space R™ x S™:

minimize  Ax(X)
(6.2) subject to  h(X) =0 (i.e. X € My)
Flx)—X=0

The Lagrangian is L(z, X; 0, %) = As(X )40 " h(X)+Xe(F(z) — X), and the necessary
optimality conditions read:
(6.3) X}(X) +h(X)o-X=0, F(z)*2=0, h(X)=0, Flz)—X =0,
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Local second-order algorithm for f = A o F

1. Given the current iterates x, X and multiplier estimates o, 3,
choose € and r = r(e). Project X onto M, and obtain X..

2. Do a Newton step (z, X,,0,%) + (dz,6X, d0,0%) for the KKT
system (6.3).

3.  Obtain (z4,X4,04,%4) and loop on with step 1.

Fi1G. 6.2.

which defines a system of equations in (x,X,0,%) € R” x S™ x R? x §™ with a
corresponding self-map F. But the oracle told us that X € M;, the information
we already used to come up with the second-order cast. So why not use it again by
defining the manifold

M=R" x Mz xRP x §™,

described by the set of equations G(z, X,0,3) = h(X) = 0, and stabilize or even
accelerate Newton’s method by projecting onto M as above? The projection operator
onto M is readily found, it is (z,X,0,%) — (z,Xr,0,%), where X +— X; is the
orthogonal projection onto M, which is given by (cf. [39, Section 5.3]):

X Xp = X + Q. (X;(X)I; — diag(A1(X),. .., )\;(X))) Q.

Here r(e) = 7, and the columns of ). are an orthonormal basis of the invariant
subspace of X associated with the first r(e) eigenvalues of X. The corresponding
projected Newton method is now the one given in Figure 3.

In [39] a similar approach is considered. Projecting X — X, is referred to as
a vertical step, while the Newton type iteration is called a tangential step. Deriving
these steps from the general projected Newton method above not only proves local
convergence of the method, but clarifies the outset.

Naturally we should cast the Newton step as a tangent quadratic program. Its
appealing feature is that due to linearity of the constraint F(z) — X = 0 in X, we
may eliminate the variable 6 X and obtain a program in dz. Omitting constant terms,
this becomes

T

minimize [f'(x)* (X;(XT) + V(X)) + B (X,)o) (Fz) — XT))] 5z
(X)) + R (X)o)F'(z) + F'(2)X] 6z

+302 " [F () (/X
r) + W (X)) (F(x) — Xp) + F'(x)dz =0

(6.4)
subject to  h(X
After obtaining the step dx and the multiplier update o + do as the multiplier of the

constraint in (6.4), we obviously obtain the step 60X = F'(x)dx in matrix space, while
the matrix multiplier update ¥ + §X is obtained as

YT =246 =0(XT) (0 +d0)+0 W (X)X,

a relation which is explicit since X is explicit in the artificial constraint F(x)—X = 0.
Program (6.4) is interesting since it contains an element which we already encountered
in the first part [31].



LEMMA 6.2. Suppose r = r(¢) = 7. Then for X sufficiently close to X, N.(X,)
is just the smallest e-enlarged subgradient of A at X, i.e., \.(X,) = argmin{||G|| :
G e d M (X)}.

Proof. Since r(e) = r =7, [39, Prop. 9] shows that we have 6.\ (X) = 0M(X,) =
{QYQ! : Y =0,tr(Y) = 1,Y € S"}, where the latter uses the well-known char-
acterization of O\;. Here Q. is of size r x m and its columns form an orthonormal
basis of the eigenspace of A1(X,). Therefore the program defining steepest e-enlarged
descent is

min{||Q.YQ/[||: Y =0, tr(Y)=1,Y € S"}.

Observe next that the function A, is differentiable in a neighborhood of X, hence
at X, in this neighborhood. As we have \;(X) = --- = \.(X) > A\41(X) at the
optimum X, we also have A.(X) > \,;1(X) as soon as X is sufficiently close to X.
In particular, X, the projection of X onto M,., is then also close to X, and we deduce
that A1 (X,) =+ = M (X)) > Ary1(X,). Then formula (5.3) simplifies to

S\L(Xr) = T_lQeQ;ra
because the only relevant eigenvalue gap of X, is between r and r + 1, and since
r = r(¢). It suffices now to argue that ||Q.Y Q.|| = ||Y]| and that the minimum over

these ||V with Y > 0 and tr(Y") = 1 is attained at Y = I,.. In fact, this comes down
to

T T
min{Zt? > ti=1,t > 0},
=1 =1

which is attained at ¢t; =---=t, =1/r. O

Computing \.(X,.) is even closer to what is required for the first-order method.
The matrix Q. is directly used for both, which is a slight advantage of the projection
method over the approach (5.1). Similarly, \/(X,) in (5.4) comes out somewhat
simpler. Since the artificial variable § X may be eliminated in the tangent program,
this means that the additional projection step does not increase the numerical burden
of the method.

REMARK. Notice that g, = F'(z)*A.(X,) is the image of the minimum norm
element G, = X.(X,.) in 6.\ (X) under F'(z)*, while the steepest e-enlarged subgra-
dient is the minimum norm element amongst the g = F/'(2)*G, G € 6.A1(X). This
looks pretty close, as if only a change of norms was involved. So could we use g instead
of g, in the second-order method? This would be convenient, as g is required for the
first-order algorithm. The answer is no, as can be seen from the fact that g will tend
to 0, while g,, the gradient of the objective in (5.1), will only converge to 0 when Z is
an unconstrained minimum, a case we exclude when we assume 7 > 1.

We conclude this part by relating the local algorithm in Figure 3 to the general
scheme from Figure 1. While 2© is obtained as before, we now use the tangent
quadratic program (6.4) to compute the Newton step #”¥. Progress of xV over the
current z has to be evaluated with regard to the guessed model f upon which (6.2)
is built. When 2 does not offer sufficient progress over the current z, the second
order method is dispensed with, and the first-order step z¢ is taken. In this event,
the second order model is restarted at the next sweep with a new guess r; based upon
(4.1). Notice that when ry # r, new Lagrange multiplier estimates will be required
at the next iteration.



7. The affine case. In this section we compare the projected Newton approach
to previous work in [39] for affine A. Here we have the choice to representing the
tangent quadratic program to (5.1) either in the variable dx as above, or in the
variable 6 X. In the latter it looks as follows:

minimize ~ \.(X,) ® X + 16X e (;\’T’(XT) + h//(XT)O') 5X
(7.1) subject to  h(X,) + h/(X,)*0X =0
Ay — X, — 0X € range(A)

First observe that the Hessian (5.4) has a more amenable form at points X, € M,
Do N(X,)D =2 tr (QZD (X)L — X DQE) .

This is again due to the fact that the only relevant eigenvalue gap is between k,—1 = r
and k; = r + 1. Now let us recall the following

DEFINITION 7.1. (cf. Oustry [37, 38], [29]). Let X € M, and G € O\ (X) and
define a linear operator H(X,G) : S™ — S™ by

H(X,G)D = GD M (X)L — X)' + (M (X)L, — X)) DG.

LetU(X)={U ecS™:Q[UQ; —r! (tr QlTUQl) I, = 0}, where the columns of Q1
form an orthonormal basis of the eigenspace of \1(X) = -+ = \.(X). Then

V2Lu(X, G;0) = projjy, H(X, G)projy x)

is called the U-Hessian of A\ at (X,G), where Projy(x) s the orthogonal projection
onto U(X).

In [38, 39] the U-Hessian is obtained from the more general U-Lagrangian theory
developed in [29]. We reproduce it here in a slightly less general form, which is
sufficient for our purpose. Indeed, observe that in our case, r(e) = r and Q. = Q.
Therefore, we have the following

LEMMA 7.2. Let r(e) = r. Let X, € M, and let G, = X;(XT) € dM(X) =
OA1(X,.) be the steepest e-enlarged subgradient. Then

1. The operator H(X,,G,) is identical with the Hessian \/(X).
2. U(X,) is the tangent space to M, at X,.
3. For D € U(X,), the U-Hessian and N'(X) agree.

Proof. By the definition of H(X,,G,) we have

D e H(X,,G,)D = 2tr (GTD (X)) Im — X)) D) :
Now recall that G, = S\’T(XT) =r71Q.Q/, hence
D e H(X,,G,)D = 2 'tr (GZD O (X)L — X)) DQG) — D e X'(X,)D,

which proves equality in item 1. Items 2 and 3 are now clear.
This brings us now to the following observation. In [39, 5.4 (51)] the author

proposes the following tangent program for the affine case f = Aj o A, f =\ oA

minimize G, edX + %5X e H(X, G,)oX
(%)  subject to dX e U(X,)
X, + 06X € Ay + range(A)
10



From Lemma 7.2, item 1, we now see that programs (7.1) and (*) are the same, up
to omission of the term h” (X, )o in (*) above. As Proposition 8.1 in the next section
will show, this omission entails that (*) above and therefore Theorem 15 in [39] is
incorrect. The same happens in program (3.47) of [28], where the omission of the
constraint Hessian foils quadratic convergence of the second-order proximal bundle
algorithm 3.3 presented in that reference. Yet another instance of this error is [18],
where the tangent program (11.7.38) misses the very same term. The error may finally
be traced back to Algorithm 6.12 in [38], and to Theorem 6.13 of that paper.

8. Projected quasi-Newton method for F(z) = 0. In order to examine
which digressions from the model projected Newton method in Figure 2 are authorized
without foiling superlinear convergence, we need a result in the spirit of the classical
Dennis-Moré theorem on quasi-Newton methods. We introduce a projected quasi-
Newton method via Figure 4.

By Proposition 6.1 this scheme exhibits local quadratic convergence in the de-
fault case Ay = F'(xy). We prove an extension to quasi-Newton methods under the
hypothesis that the projection P onto the manifold M is a differentiable operator.

PROPOSITION 8.1. Let F' : R™ — R™, and let the solution T of F(x) = 0 be an
element of the manifold M. Suppose F' is Lipschitz continuous on a neighborhood D
of &, and that F'(Z) is nonsingular. Suppose the orthogonal projector P onto M is
differentiable. Let Ay be a sequence of quasi-Newton matrices such that the sequences
i, Tk generated by the projected quasi-Newton algorithm remain wn D. Then xy
converges superlinearly to T if and only if

(8.1) lim | (A = F'(2)) (g41 — 23) |

=0.
ko0 [e+1 — |

Proof. 1) Assume that the sequence x, converges superlinearly to Z. Consider all
possible choices of matrices Ry such that

tiar = P (a5 — A F () = a — Ry F(an).

Equivalently, Ry, (xk - P (xk - A,;lF(xk))) = F(z1), so Ry, is not fixed by this secant
equation. Therefore choose Ry so that it is closest in norm to a given matrix B. By
the well-known Broyden formula this gives

(zx — Bwk)wl;r

T )
wk Wi

R, =B+ wk:ack—P(ack—A,;lF(ack)), ZkZF(xk).

Notice that for almost every regular matrix B, the matrices Ry will be regular for
some kg and all k > kg.

With any of these Ry, the projected quasi-Newton method based on Ay has
now become a standard quasi-Newton method without projection. We may therefore
invoke the Dennis-Moré theorem [11, Thm. 8.2.4]. It gives

i LB = F'@) (@ = )| _

0.
k—o0 Zrt1 — il

In order to prove (8.1), it suffices to show that for every subsequence k € K such that

. Te+1 — Tk
lim ——M—

=d and limA, =4
ke H-Tk-i-l — -TkH ke

11



Projected quasi-Newton method for F' = 0

1. Given the iterate zj, compute a quasi-Newton step
:i'kJrl =Tk — A;lF(xk)

2.  Project 41 onto M and obtain zjy.

3. Update Ap — Ag11, and loop on with step 1.

Fia. 8.1.

we must have Ad = F’'(z)d. Moreover, passing to another subsequence K’ C K,
we may assume that R, — R (k € K’ ) for some R. Then by the above we have
Rd = F'(z)d. Passing to yet another subsequence K" C K’ if necessary, we may also
assume that

A F(x .
keR” Ay F(x )H
for some unit vector d. Now observe that
Bl 2 P@) | pryg
|z — 2|l |z — 2| ’
Furthermore, since xp = P(xy),
wie _ Plog — AP F(ay)) — Plar) - ||AG F ()|
|zx — Z|| | = A F ()| |z — Z||

We deduce that

Yk L JA'F'(@)d| - P(R)d (ke K

[z — 2|

Now using the definition of Ry we see that Rd = F'(Z)d implies
(P’ i)

with o := ||A=LF'(z)d||. Setting 8 := ||P'(z)d|| and © := P'(z)d, v = ©'d, this
identity becomes

F'(z)d — aBP' (%
F’(f)dBdJr( @

OéQHP’(

\_/

)

- - 1 -
(8.2) F'(z)d=B (d - %u) taph @i
Now observe that the constants «, 3, do not depend on the choice of the matrix B,
and neither do d, d and ©. Since the only request on B was that the Ry were invertible,
we may choose B arbitrary in a dense set of matrices, with (8.2) still satisfied for the
same data «, 3,7 and v, as those did not depend on B. We deduce that in (8.2), we
must have af = 1 and d v The latter gives

S

o

g L@d
([P (z)d]|
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hence v = 1. By the definition of v that means ©'d = 1. But notice that as a
projection operator, P has Lipschitz constant 1, hence |[P'(Z)| < 1, giving || <
|P"(z)||||d]| < 1. But the only vector v with norm |[v|| < 1 having ’UTd =1lisv=d.
Hence o = d or rather P'(Z)d = d. This implies | P'(z)d|| = ||d|| = 1.

Now observe that P’(z) is the orthogonal projection onto the tangent space

T(M,Z) of M at Z. So vectors r having ||P/(Z)r|| = ||r|| must be parallel to the

tangent space, and in that event, already P’(Z)r = r. This implies d=d.

By the definition of d we have

I

A &

G i A (Fla) — F(3) |z — 7| _ AP
kEKH s — ] |A Y (F(zx) — F(z) || A F/(2)

B
Since o = ||A~1F’(z)d|| = 1, we have d = A~ F’(z)d. But as we have seen, d = d, so
Ad = F'(z)d as claimed.

2) Conversely, starting with condition (8.1), we can prove that xj converge su-
perlinearly, by introducing matrices Ry as above, and showing that the Dennis-Moré

condition will be satisfied for Rj. This amounts to reading the first part of the proof
backwards. We skip over the details. O

The result may seem puzzling at first, since the condition appears to be exactly the
same as the classical Dennis-Moré condition, where no projection onto M occurs. The
possibility of pushing the intermediate steps 241 towards the limit Z by projecting
Tk41 — Trp+1 would seem to suggest that the choice Ay could be allowed more freedom.
And indeed, condition (8.1) is less restrictive than the classical Dennis-Moré condition.
In fact, consider the limiting condition Ad = F'(z)d, arising in the proof. Using (8.1)
we can assure this to hold for all unit vectors d arising as limits of quotients m
Since iterates y, lie in M, these d are necessarily tangent vectors to M at z. Condition
(8.1) is therefore less binding than its classical alter ego, where we have in principle
to guarantee Ad = F'(z)d for all d, because without the presence of the manifold M,
the limiting directions d could be arbitrary. The fact that d € T (M, Z) does give the
matrices Aj more freedom to move Zj in directions transversal to M. In order to
highlight this consider the following

EXAMPLE. Let M be a linear subspace of R™, P the linear orthogonal projec-
tion on M. Fix any linear operator () such that P o) = 0. Given any sequence
Ay, satisfying (8.1), we generate another sequence Ay such that A,;l = A,;l + prQ.
Then x, — A F(xy) = o — Ay F(x) — prQF (). Since P is linear, this implies
P (zk - A;lF(zk)) = P(zp — A F(x1)) — poPBF(z) = P (z — Ay F(x)),

meaning that the iterates zj; generated by Ak and A are the same, while the Zj
differ. Playing with the factors py, we may arrange that & generated by the Ay,
converge to T with arbitrarily slow speed, or even, fail to converge. This shows that
superlinear convergence of the z; need not imply superlinear convergence of Z;. The
argument of Proposition 6.1 on the other hand shows that if z;, converge superlinearly,
the same is true for the xj.

9. The constrained program (1.2). Let us use our findings to analyze the
constraint eigenvalue program (1.2). A smooth version based on the eigenvalue mul-

13



tiplicity oracle is obtained by the same mechanism. We replace (1.2) by

T

minimize c¢'T
(9.1) subject to A (F(z)) <0
F(z) e M,

which may be treated by standard SQP methods. As this follows the usual lines,
let us examine the more interesting case where intermediate projections on a smooth
manifold are used.

Let us look at the lifted version of (9.1), which allows to bring in the projection
onto M, in alternance with the tangent step. Writing the program artificially in the
space R™ x S™ gives

minimize c¢'x
9.2) subject to S\T X)<o0
' h(X)=0(ie. X e M,)
Flx)—X=0

with the associated Lagrangian L(z, X;7,0,%) = ¢ & + 7A(X) + 0 h(X) + X o
(F(z) — X). The KKT conditions are
c+ F(z)2 =0,7N(X) + W (X))o -2 =0,

o
h’(X) = 07‘7($) 7X = 057— Z Ovj\T(X) S OvTAT(X) :0

The usual tangent quadratic program may be written in dx, §X or in the joint
variable (6z,6X). In dz space we obtain

minimize ¢ 0z + 302" [F'(z)*h"(X)oF' (z) + F'(x)X] 6z
(9.3) subject to A (X) 4+ N.(X)F'(z)dz <0
hX) + W (X)F'(x)dx =0

As usual, the new Lagrange multipliers 7+ = 7+ 67 > 0, 07 = ¢ + do are the
multipliers of the corresponding constraints in (9.3). The update X T is obtained as
F(x*). Finally, due to the special structure of the artificially augmented program,
the matrix multiplier update 7 = ¥ + § is obtained as

94) N =R(XT) ot +rtA(XT) + [#X;’(Xﬂ +RI(X ) ot] 6X.

Similar to (5.1) in Section 6 we may now use an intermediate projection step
X — X, in order to keep iterates close to the manifold M, on which we expect the
limit X to lie. This leads to the scheme in Figure 5.

Convergence analysis of the projected Newton scheme follows known lines. We
have the following result, based on Bonnans [5].

THEOREM 9.1. Let T be a local minimum of (1.2). Let ¥ the multiplicity of A1 (X),
so that T is a local minimum of (9.1) withr = 7. Suppose that in (9.2) the gradients of
the active constraints at T are linearly independent. Let 7 > 0, &, ¥ be the Lagrange
multipliers associated with T, X and suppose the second-order sufficient optimality
condition is satisfied. Let (xg, Xk, Tk, 0k, Lk) be the sequence generated by the local
second-order algorithm based on tangent program (9.3), where the estimated eigenvalue

14



Local second-order algorithm for (1.2)

1. Given iterate z, X = F(z) and Lagrange multiplier estimates
7 > 0, o, obtain an estimate r of the limiting multiplicity 7 of A;.

2. Compute the orthogonal projection X, of X onto M,..

3. Compute the matrix multiplier estimate ¥ via (9.4).

4. Solve tangent quadratic program (9.3) and obtain the Newton step
(x,7,0) + (8z,87,d0), where T 4+ 67 > 0, 0 + do are the multipliers
in (9.3).

5. Compute x4+ =z + a(x4 — x) via line search. Adjust 744, 044
and compute X4 = F(x14).

6. Replace x by x4, 7 by 744, 0 by 044, and loop on with step 1.

Fi1ac. 9.1.

multiplicity is r, = T, and where an intermediate projection step X — Xz € Mz is
performed, so that each Xi € Mz. Then the sequence (xy, Xg, Tk, Ok, 2k) CONvETges
quadratically to (%, X,7,5,%).

Proof. We follow the argument in [5], where the KKT-system is embedded in a
variational inequality, and the tangent quadratic program is interpreted as a New-
ton step for that variational inequality. Adopting the notation of section 2 of that
reference, where the variable z replaces (z, X, 7, 0, ¥), we first observe that the second-
order sufficient optimality condition implies strong regularity in the sense of Robinson
and therefore semi-stability and hemi-stability in the sense of [5]. It therefore remains
to accommodate the projection step X +— X,. in the analysis of [5, Theorem 2.2].

Observe that the projection step X +— X corresponds to an orthogonal projection
step z — zz onto the manifold M = R" x Mz x R x RP x §™. Starting with
€0 < min(cy, 1/4cs), instead of 1/3¢y in the proof of [5, Theorem 2.2], we obtain
the estimate [|z4 — z|| < |z — || (instead of < %[|z — Z|| there), where z; is the
usual Newton step away from z. Now let z4, be the projection of z; onto M, then
obviously |24+ — 2| < 244 — 24l + 175 — 2 < |2 — 24 | + 124 — 2 = 2]z — 2],
where the second inequality uses the fact that z € M. So we obtain the estimate
244 — 2|l < 2|z — 2|, (replacing < 1|z — 2| in [5]). Then |z44 — 24| < 3¢, which
proves that the sequence stays in the ball of radius 3e (instead of 2e in [5]). The
argument now remains the same as in [5] and shows that the Newton iterates are
well-defined and converge with quadratic speed. O

10. Combined Algorithm. The elements in sections 6 and 9 may now be
assembled to a globally convergent method which attempts second order steps z!V
with the help of the oracle, based on an underlying first order method, which produces
Cauchy points € to give a global convergence certificate.

The improvement function used at the first-order level is

(10.1) k(z,2T) = max (¢’ (z — z1), f(zT))

cf. [22, 31] or [20, 7], but other choices are possible. For instance, an alternative
which works for the maximum of a finite number of smooth functions is given in [40,
Algorithm 2.4.1] under the name of an optimality function. An extension of that
idea to maximum eigenvalue functions and to the Ho.-norm is considered in [1, 3].
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Combined algorithm for (1.2)

1. Given the current iterate 2, compute a Cauchy point ¢ using the first-order
spectral bundle method from part 1. Compute progress p© > 0 of 2 over z
using the improvement function (10.1). If p© = 0 stop.

2. Using X = F(2¢), compute estimate 7 of limiting multiplicity 7 using (4.1).

3. Compute orthogonal projection X of X onto M,. Obtain new multiplier
estimate 2.

4. Solve tangent quadratic program (9.3) to compute Newton trial step
(0x,6X,07,00,0%) away from (z, X, 7,0,%). Use merit function, trust
region strategy or filter for program (9.1) to find step (zV, 7V, ™).

5. Compute progress p” of " over z using the improvement function (10.1). If
pV > 0p©, let at =2V, 7t =7V, o7 = V. Otherwise let 2T = 2€. In the
latter case, compute new multiplier estimates 7+ > 0,0T.

6. Replace old elements by ++ elements and go back to step 1.

Alternatives for infinite maxima are considered in chapter 3 of [40]. If we work with
&, p¢ = 0 respectively x = 0 implies that x is a F. John stationary point. In part 1
reasonable conditions are given which imply that x is even a KKT-point. This justifies
the stopping test in step 1.

As we have pointed out before, if step 4 uses a trust region strategy, finite termi-
nation of the trust region radius updating should be based on program (9.1), while
the final acceptation of 2V is controlled through z¢. Similarly, if a filter algorithm is
used, it has to be guaranteed that the filter accepts some iterate after a finite num-
ber of steps. This is only possible if the smooth model (9.2) is temporarily used.
As new entries, either (cTzC, max (0, A1 (f(xc))) or (chN, max (0, A1 (f(xN))) or
even both are added afterwards to give global convergence.

An additional difficulty arises when ¢ is the new iterate, as is the case when z
does not provide satisfactory progress due to failure to estimate 7 correctly. Here the
multiplier estimates obtained in the tangent step are meaningless, and a good idea
how to generate new 7+ > 0, o7 and ¥ T at the next sweep is required. The situation
is of course similar to the classical one in cases when the Newton steps is poor. In such
a situation, multiplier estimates from (9.3) are also of bad quality. Similar numerical
recipes may therefore be employed (cf. [9]).

N

REFERENCES

(1] P. APKARIAN, D. NoLL, Nonsmooth Hss-synthesis. Submitted.

[2] P. APKARIAN, D. NoLL, Controller design via nonsmooth multi-directional search. Submitted.

[3] P. APKARIAN, D. NoLL, Nonsmooth optimization for multidisk Heo synthesis, submitted.

[4] V. I. ARNOLD, On matrices depending on parameters, Russ. Math. Surveys, 26 (1971), pp. 29
—43.

[5] J. F. BONNANS, Local analysis of Newton-type methods for variational inequalities and nonlin-
ear programmang, Appl. Math. Opt., 29 (1994), pp. 161 — 186.

[6] J.F. BOoNNANS, E. PANIER, A.L. TiTs, J.L. ZHOU, Avoiding the Maratos effect by means of a
nonmonotone line search II: Inequality problems - feasible iterates, STAM J. Num. Anal.,
vol. 29, no. 4, 1992, pp. 1187 — 1202.

[7] Bul TRoNG LIEU, P. HUARD, La méthode des centres dans un espace topologique, Numerische
Mathematik, vol. 8, 1966, pp. 56 — 67.

16



(29]
(30]
(31]
(32]
(33]

(34]

(35]
(36]
(37)

(38]

F.H. CLARKE, Optimization and Nonsmooth Analysis, John Wiley, New York, 1983.

A.R. ConN, N.ILM. GouLp, P.L. TOINT, Trust-Region Methods, MPS/SIAM Series on Opti-
mization, 2000.

J. CurLLuM, W.E. DoNATH, P. WOLFE, The minimization of certain nondifferential sums of
eigenvalues of symmetric matrices, Math. Progr. Stud., vol. 3 (1975), pp. 35 — 55.

J.E. DENNIS JUN., R.B. SCHNABEL, Numerical Methods for Unconstrained Optimization and
Nonlinear Equations, Prentice Hall Series in Computational Mathematics, 1983.

R. FLETCHER, Semidefinite constraints in optimization, SIAM J. Control Optim., 23 (1985),
pp- 493 — 513.

R. FLETCHER, Practical methods of optimization, John Wiley & Sons, Chichester, 2nd ed.,
1987.

R. FLETCHER, S. LEYFFER,A bundle filter method for nonsmooth nonlinear optimization. Uni-
versity of Dundee, Report NA /195, 1999.

R. FLETCHER, S. LEYFFER, Nonlinear programming without a penalty function, Math. Program-
ming, vol. 91, 2002, pp. 239 — 269.

A. Fupurl, M. GAuDIOSO, G. GIALLOMBARDO, Minimizing nonconvex nonsmooth functions
via cutting planes and proximity control, STAM J. on Optim., to appear.

W.L. HARE, A.S. LEwIs, Identifying active constraints via partial smoothness and prox-
regularity. To appear in Journal of Convex Ananlysis.

C. HELMBERG, F. OUSTRY,Bundle methods to minimize the mazimum eigenvalue function, In:

J.-B. HIRIART-URRUTY, C. LEMARECHAL, Convezx Analysis and Minimization Algorithms, part
II, Springer Verlag, Berlin, 1993.

P. HUARD, Resolution of mathematical programming with nonlinear constraints by the method
of centers, Nonlinear progrfamming, P. Abadie (ed.), North Holland, 1967, pp. 209 — 219.

T. KATO, Perturbation Theory for Linear Operators. Springer Verlag, 1984.

K.C. KIwWIEL, Methods of descent for nondifferentiable optimization, Lect. Notes in Math. vol.
1133, Springer Verlag, Berlin, 1985.

K.C. KIWIEL, Proximity control in bundle methods for convexr nondifferentiable optimization,
Math. Programming 46, 1990, pp. 105 — 122. Math. Programming, 46 (1990), pp. 105 —
122.

C. LEMARECHAL, Extensions diverses des méthodes de gradient et applications, Theése d’Etat,
Paris, 1980.

C. LEMARECHAL, Bundle methods in nonsmooth optimization. In: Nonsmooth Optimization,
Proc. ITASA Workshop 1977, C. LEMARECHAL, R. MIFFLIN (eds.), Pergamon Press, 1978.

C. LEMARECHAL, Nondifferentiable Optimization, chapter VII in: Handbooks in Operations Re-
search and Management Science, vol. 1, Optimization, G.L. Nemhauser, A.H.G. Rinnooy
Kan, M.J. Todd (eds.), North Holland, 1989.

C. LEMARECHAL, A. NEMIROVSKII, Y. NESTEROV, New variants of bundle methods, Math.
Programming, 69 (1995), pp. 111 — 147.

C. LEMARECHAL, F. OUSTRY, Nonsmooth algorithms to solve semidefinite programs. In: L. EL
GHaoul, L. NICULESCU (eds.), Advances in LMI methods in Control, STAM Advances in
design and Control Series, 2000.

C. LEMARECHAL, F. OUSTRY, C. SAGASTIZABAL, The U-Lagrangian of a convex function, Trans.
Amer. Math. Soc. 352, 2000.

R. MIFFLIN, C. SAGASTIZABAL, VU -smoothness and prorimal point results for some nonconvex
functions. Optimization Methods and Software, 2004, to appear.

D. NoLL, P. APKARIAN, Spectral bundle methods for nonconvexr maximum eigenvalue functions:
first-order methods. Mathematical Programming, series B, to appear.

M.L. OVERTON, On minimizing the mazximum eigenvalue of a symmetric matriz, SIAM J.
Matrix Anal. Appl., vol. 9, no. 2 (1988), pp. 256 — 268.

M.L. OVERTON, Large-scale optimization of eigenvalues, SIAM J. Optim., vol. 2, no. 1 (1992),
pp. 88 — 120.

M.L. OverTON, R.S. WOMERSLEY, Optimality conditions and duality theory for minimizing
sums of the largest eigenvalues of symmetric matrices, Math. Programming, 62 (1993),
pp- 321 — 357.

M.L. OVERTON, R.S. WOMERSLEY, Second derivatives for optimizing eigenvalues of symmetric
matrices, SIAM J. Matrix Anal. Appl., vol. 16, no. 3 (1995), pp. 697 — 718.

J.-P. A. HAEBERLY, M.L. OVERTON,A hybrid algorithm for optimizing eigenvalues of symmet-
ric definite pencils. STAM J. Matrix Anal. Appl., 15 (1994), pp. 1141 — 1156.

F. OusTry, Vertical development of a convez function, J. Convex Analysis, 5 (1998), pp. 153
— 170.

F. OusTrY, The U-Lagrangian of the mazimum eigenvalue function, SIAM J. Optim., vol. 9,

17



[39]
[40]
[41]
[42]

[43]

no. 2 (1999), pp. 526 — 549.

. OUSTRY, A second-order bundle method to minimize the maximum eigenvalue function,
Math. Programming Series A, vol. 89, no. 1 (2000), pp. 1 — 33.

. PoLAK, Optimization. Algorithms and Consistent Approzimations. Springer Series in Ap-
plied Mathematical Sciences, vol. 124, Springer Verlag, 1997.

E. PorAk, Y. WARDI, Nondifferentiable optimization algorithm for designing control systems
having singular value inequalities, Automatica, vol. 18, no. 3, 1982, pp. 267 - 283.

C. SCHERER, A full block S-procedure with applications, Proc. IEEE Conf. on decision and
Control, San Diego, USA, 1997, pp. 2602 — 2607.

C. SCHERER, Robust mized control and linear parameter-varying control with full block scalings,
SIAM Advances in Linear Matrix Inequality Methods in Control Series, L. El Ghaoui, S.I.
Niculescu (eds.), 2000.

A. SHAPIRO, Extremal problems on the set of nonnegative matrices, Lin. Algebra and its Appl.,
67 (1985), pp. 7 — 18.

A. SHAPIRO, First and second-order analysis of nonlinear semidefinite programs, Math. Pro-
gramming Ser. B, 77 (1997), pp. 301 — 320.

A. SHAPIRO, M.K.H. FAN,On eigenvalue optimization, SIAM J. Optim., vol. 5, no. 3 (1995),
pp. 552 — 569.

M. TORKI,First- and second-order epi-differentiability in eigenvalue optimization, J. Math.
Anal. Appl., 234 (1999), pp. 391 — 416.

Pu. WOLFE, A method of conjugate subgradients for minimizing nondifferentiable convex func-
tions, Math. Programming Studies, 3 (1975), pp. 145 — 173.

&l

=

18



